SUBSETS OF RECTIFIABLE CURVES IN BANACH SPACES I:
SHARP EXPONENTS IN TRAVELING SALESMAN THEOREMS

MATTHEW BADGER AND SEAN MCCURDY

ABSTRACT. The Analyst’s Traveling Salesman Problem is to find a characterization of
subsets of rectifiable curves in a metric space. This problem was introduced and solved
in the plane by Jones in 1990 and subsequently solved in higher-dimensional Euclidean
spaces by Okikiolu in 1992 and in the infinite-dimensional Hilbert space ¢5 by Schul in
2007. In this paper, we establish sharp extensions of Schul’s necessary and sufficient
conditions for a bounded set E C ¢, to be contained in a rectifiable curve from p = 2
to 1 < p < co. While the necessary and sufficient conditions coincide when p = 2,
we demonstrate that there is a strict gap between the necessary condition and sufficient
condition when p # 2. We also identify and correct technical errors in the proof by Schul.
This investigation is partly motivated by recent work of Edelen, Naber, and Valtorta on
Reifenberg-type theorems in Banach spaces and complements work of Hahlomaa and
recent work of David and Schul on the Analyst’s TSP in general metric spaces.
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1. INTRODUCTION

Given a set in a path-connected metric space, we may ask whether or not the set is
contained in a curve of finite length (also called a rectifiable curve), and if so, ask how
to find a curve containing the set that is (essentially) as short as possible. This problem
was introduced and solved in the Euclidean plane by Jones [Jon90] and is now commonly
known as the Analyst’s Traveling Salesman Problem. While it is immediate that a set
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contained in a rectifiable curve is necessarily bounded and has finite one-dimensional
Hausdorff measure H!, this pair of conditions is not sufficient. To decide when a set is
contained in a rectifiable curve requires additional information about the local geometry
of the set within the space (see below). Full solutions to the Analyst’s Traveling Salesman
Problem are currently available in R™ [Oki92], Carnot groups |Li22], infinite-dimensional
Hilbert space ¢y [Sch07c], graph inverse limit spaces [DS17], and for Radon measures in
R™ [BS17] and Carnot groups [BLZ22]; partial solutions are available in general metrics
spaces [Hah05, [DS21] as well as for higher-dimensional curves [BNV19l [BZ20] and surfaces
[DT12, [AST8, [ENV19, [Ghi20, [AV21] [Vil20, [Hyd22]. Beyond the intrinsic interest of the
Analyst’s TSP in metric geometry, finding tests to determine when a set is contained in
a rectifiable curve or “nice” surface has led to applications in complex analysis, dynamics
and probability, geometric analysis, and harmonic analysis. For a sample of applications,
see [BJ94, [BJ97, BJPPIT, [Tol03],[AS12, McN13|,[AT15, INV17, [Bad19, BV19, [Azz19, BV21],
GM21], Nap20, BN21].

In this paper, we establish sharp extensions of Schul’s necessary and sufficient conditions
for a bounded set £ C £, to be contained in a rectifiable curve from p=2to 1 < p < oo
(see Theorems and . As usual, ¢, denotes the (real) Banach space of p-summable
sequences,

o0 1/p
r = (x1,%q,...) €L, ifandonlyif z,z9,--- € R and |z|, = <Z |xi|p> < 00.
1

While the necessary and sufficient conditions in Schul’s theorem coincide when p = 2,
we demonstrate that there is a strict gap between the necessary condition and sufficient
condition when p # 2. En route, we prove that the classes of rectifiable curves in the
infinite-dimensional spaces £, and ¢, differ when p # ¢:

Proposition 1.1. Let 1 < p < oo. Every rectifiable curve in €, is a rectifiable curve
in Ly for all ¢ > p. However, there exists a curve I' in £, such that I' is rectifiable
(i.e. H'(T') < 00) in £, for every q > p, but T is not rectifiable (i.e. H'(T') = o0c) in £,,.

Proposition Theorem [1.6, and Theorem capture a special infinite-dimensional
phenomenon. In particular, they imply that a solution of the Analyst’s TSP in ¢, cannot
be neatly derived from the solution in /5. By contrast, bi-Lipschitz equivalence of finite-
dimensional Banach spaces ensures that a set in R" is (a subset of) a rectifiable curve
independent from the choice of underlying norm, even though the actual length of the
curve depends on the norm. This paper serves to clarify the difference between the
finite and infinite-dimensional settings. An essential reason for us to study (subsets of)
rectifiable curves in ¢, for 1 < p < oo is that the spaces interpolate between /5, where
the Analyst’s TSP is solved, and /., which contains an isometric copy of any separable
metric space. Thus, a resolution of the Analyst’s TSP in ¢, may provide insight into the
Analyst’s TSP in general metric spaces. For further discussion and description of related
research, see
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1.1. Analyst’s TSP in Euclidean space and /5. To solve the Analyst’s TSP in the
plane, Jones introduced unilateral linear approximation numbers, now universally called
Jones’ beta numbers, which measure how “flat” a set is in a given window. The Jones’
beta numbers are well-defined in any Banach space. Let X be a Banach spaceEL let £ CX
be a nonempty set, and let ) C X be a set of positive diameter. If £ N Q # 0, define

(L1) B(@Q) = inf sup BHEL)

10,1
L zepng diam @ [ ’ ]7

where the infimum ranges over all one-dimensional affine subspaces (lines) L C X and,
it ENQ =0, define fg(Q) = 0. At one extreme, if Sp(Q) = 0, then E N Q is contained
in a line. At the other extreme, if S5(Q) 2 1, then the set £ N @ is uniformly far away
from every line passing through ). From the definition, it immediately follows that

diam @)
(1.2) Be(R) < Tom &2

In view of the fact that rectifiable curves (having parameterizations of bounded variation)

Br(Q) forall EC F and R C Q.

admit tangent lines H!'-a.e., one may expect that sets contained in a finite length curve
have “vanishing beta numbers” at typical points of those sets. The Analyst’s Traveling
Salesman Theorem makes this idea precise and provides a characterization of subsets of
rectifiable curves with an estimate on the shortest length of a curve containing the set:

Theorem 1.2 (Jones [Jon90] in R?; Okikiolu [Oki92] in R™). Let n > 2 and let E C R™.
Then E is contained in a rectifiable curve if and only if

(1.3) Sp(R") :=diamE+ Y Br(3Q)* diam Q < oo,
QEA(R™)

where the sum ranges over all dyadic cubes () in R™ and 3Q) denotes the concentric dilate
of the cube Q with scaling factor 3. More precisely, if Sp(R™) < oo, then E is contained
i a curve I' in R™ with

(1.4) HY(T) Sn Su(R").
If ¥ C R™ is a connected set, then
(1.5) Su(R") Sn H' (D).

The constant 3 in (1.3|) can be replaced with any constant A > 1. Then (1.4) and (L.5)
hold with implicit constants depending on n and A.

For refinements of (1.4)), (1.5)) for rectifiable Jordan arcs in R™ and in Hilbert space,
see [Bis22], [Kra22]. Time complexity of the Analyst’s Traveling Salesman algorithm for
constructing the rectifiable curve in (1.4) is investigated in [RV22].

LAll Banach spaces in this paper are real Banach spaces of dimension at least 2.
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Remark 1.3. If E is a subset of a rectifiable curve in R”, then the Analyst’s Traveling
Salesman Theorem ensures

(1.6) Z diam Q < e 2S(E) < oo for all € > 0.
QeA(RM)
BE(3Q)>¢
It follows that
(1.7) lim B(3Q) =0 at H'-ae z€FE,
s

or equivalently by (|1.2),

(1.8) hfg Be(B(x,r)) =0 at H'-ae z€E.

Thus, subsets of rectifiable curves in R™ have “vanishing beta numbers” at typical points
in the sense of . It is possible to construct examples of generalized von Koch snowflake
curves (with carefully chosen angles) to show that is also satisfied by certain curves of
infinite length (Proposition . By contrast, the Analyst’s Traveling Salesman Theorem
guarantees that every curve I' in R" of infinite length satisfies Sp(R"™) = oco. In other
words, finiteness of Sp(R") is a perfect test to determine rectifiability of a curve I' in R™.

Remark 1.4. Let V be a finite set of points in R (equipped with the Euclidean norm)
that is 1-separated in the sense |v — w| > 1 for all distinct v,w € V. Assume that L is
a line in R™ such that dist(v, L) < f < 1 for all v € V. Then the set V = {vq,..., v}
may be enumerated according to its orthogonal projection onto L. For simplicity, let us
further assume that vy, v, € £. By the triangle inequality and a simple computation with
the Pythagorean theorem (see Figure [1)),

(1.9) o1 — o] < Jor = va| + -+ oy — v| < (14 C16%) vy — g

for some universal constant C;. Conversely, if dist(v;, L) > « for some 1 < ¢ < k, then
the Pythagorean theorem yields

(110) |U1 —Ui’+|Ui—Uk| Z (1+C'2042)|v1 —Uk|

for some universal constant Cy. At a high level, the estimates ((1.9)) and ((1.10) correspond
to ((1.4) and ([1.5) in Analyst’s Traveling Salesman Theorem, respectively. Informally, we
say that the Pythagorean theorem is responsible for the exponent 2 on $(3Q)? in (1.3).

The dependence on the ambient dimension in the implicit constants in and
is ultimately a consequence of using dyadic cubes in the sum Sg(R™) to index “all”
locations and scales in R™. By bi-Lipschitz equivalence, Theorem persists in every
finite-dimensional Banach space with implicit constants that also depend on the norm as
well as a choice of coordinates; see §4] for a detailed statement. To formulate a dimension
independent version of the Analyst’s Traveling Salesman Theorem in f5, Schul [Sch07d]
replaced Sg(R") with a sum Sg(¥) indexed over a multiresolution family ¢ of “all”
locations and scales in the set E.
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FIGURE 1. To use the Pythagorean theorem to verify (1.9) and (1.10)
(shown with k& = 4), first draw right triangles formed from line segments
[v;, vi41] between consecutive points and the line passing through v; and vy.

Let X be a metric space and let &/ C X be a nonempty set. For any p > 0, a p-net
X, in X is a set such that dist(y, z) > p for all distinct y, z € X, and dist(z, X,,) < p for
all x € X. Following [Sch07c|, we define a multiresolution family ¢ for E with inflation
factor Ay > 1 to be a collection of closed balls of the form

(1.11) ¢ = {B(x,A427%) : 2 € X, k € Z},

where (X} )rez is a nested family of 2 *-nets for E. Analogously, if each set X has the
property dist(y, z) > 27* for all distinct y, z € X}, but one or more of the sets X}, are not
27%_nets, then we call 4 a partial multiresolution family for E.

For any nonempty set E C f» and (partial) multiresolution family ¢ for E, define

(1.12) Sp(¥) :=diam E + ) _ Bp(Q)* diam Q.
QeY

Theorem 1.5 (Schul [Sch07c]). If E C ¢y and Sg(¥) < oo for some multiresolution
family 4 for E with inflation factor Ay > 200, then E is contained in a rectifiable curve
' in b5 with

(1.13) H'(T) Say Se(9).

If ¥ C Uy is a connected set and F is a (partial) multiresolution family for 3 with
inflation factor Ay, > 1, then

(1.14) So(H) Sase H'().

Note that the implicit constants in ((1.13]) and (1.14) depend on the inflation factor of
the multiresolution family, but are otherwise dimension free. Once again, the Pythagorean
theorem in /5 determines the exponent 2 on Bg(Q)? in Theorem a la Remark . More
generally, Theorem holds in any Hilbert space (including nonseparable spaces).

1.2. Schul’s theorem in ¢,. For any nonempty set £ C ¢, and (partial) multiresolution
family ¢ for E, define

(1.15) Sp(9) = diam E + ) Bp(Q)" diam Q for all 0 < r < oc.
QEY
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Note that in the notation of the previous section, Sg2(¥4) = Sg(¥). Moreover, by (1.2),
(1.16) Ser(9) < SES(?\) forall E C F and s <,

where ¢ is a multiresolution family for F' extending ¥.

The following pair of theorems, extending Schul’s theorem from /5 to £, with 1 < p < oo,
constitute our main result. We emphasize that when p # 2, there is a strict gap between
the necessary and sufficient conditions for a set to be contained in a rectifiable curve.

Theorem 1.6 (sharp sufficient conditions in ¢,). Let 1 < p < oo. If E C {, and
SEmin(p,2)(¥) < 0o for some multiresolution family 4 for E with inflation factor Ay >
240, then E is contained in a curve I' in £, with

(1.17) H'T) Spoay SEmin(p2)(9).
The exponent min(p,2) on beta numbers in (1.17) is sharp.

Theorem 1.7 (sharp necessary conditions in £,,). Let 1 < p < co. If ¥ C ¢, is a connected
set and F is a (partial) multiresolution family for ¥ with inflation factor Ay > 1, then

(1'18) SE,maX(Q,p)(f%ﬂ) Sp,A%a HI(E)-
The exponent max(2,p) on beta numbers in (1.18)) is sharp.

Remark 1.8. In this paper, we prove Theorem in full and we reduce the proof of
Theorem|[L.7)to Theorem[3.30} the proof of the latter theorem is deferred to Part 11 [BM22].
More generally, we show that an analogue of Theorem holds in uniformly smooth
Banach spaces (see Theorem and an analogue of Theorem holds in uniformly
convex spaces (see Theorem . For example, L? spaces of p-power integrable functions
over a measure space, which include ¢, are uniformly smooth and uniformly convex for
all 1 < p < co. In addition, we prove that a universal sufficient condition with exponent
1 is valid in arbitrary Banach spaces (see Theorem . Each of these results apply to
both separable and nonseparable Banach spaces.

An essential feature of /5 is that the unit ball and induced distance are rotationally-
inwvariant. In particular, to compute the distance of a point x to a line L in Hilbert space,
one may first translate and rotate so that L = span(e;) and = € span(ey, e3) if convenient.
In ¢,, when p # 2, rotational-invariance is no longer available and computation of the
distance of a point to a line is sensitive to the position of the line and geometry of the
unit ball. We remark that the gain in complexity witnessed when moving from 2 to (3
(e.g. consider the shape of slices of their unit balls, see Figure [2)) continues to increase
when moving from the finite-dimensional spaces £} to the infinite-dimensional space £,.
For instance, although the norms in ¢ and £} are C'(n, p)-bi-Lipschitz equivalent for each
pair n and p, the bi-Lipschitz constant C'(n,p) degenerates as n — oo for each p # 2.



SUBSETS OF RECTIFIABLE CURVES IN BANACH SPACES 7

1.0-

0.5F

0.0r

05+

10t T~

\\Tg/_1

-10 -05 0.0 0.5 1.0

FIGURE 2. Unit balls in £Z , (blue), R? (orange), (3 and £2 (green), where
¢y denotes (R™, |- ,).

Example 1.9. To illustrate the essential idea behind the exponents in Theorems [1.6] and

[1.7 let’s estimate the length gain in ¢2 = (R?, |- |5) of isosceles triangles
Th L ap = (0,0), bh = (l/?,h), Cp = (l,()), and

1.19

(1.19) Ty:ag=(0,0), bg= (27551 — 27V5p 276/5] 4 2715 ¢y = (271/51,271/5])

with horizontal and diagonal bases @c of length [ and height dist(b, @¢) = h. On one hand,

[anbals + [Brcnls — [@rcils = 2 ((1/2)° + h°)"/° — 1
=1 ((1+32(h/1)°)"® = 1) = U(h/1)°

for h < [ by Taylor’s theorem for x +— x'/®> at 2 = 1. On the other hand,

(1.20)

1/5

|agbals + [bacals — |@acals = 2 (27971 — 271Ph)° 4 (27%/51 4 271/50)?) l
=1 ((1+40(h/1)* + 80(h/1)*)/® — 1) ~ I(h/1)?

when h < [ by Taylor’s theorem, again. This computation indicates that on the axial

(1.21)

directions the excess in the triangle inequality for “flat” triangles is comparable to 1(h/)®,
while on the diagonal directions, the excess is comparable to [(h/l)%. In fact, as long as
the base of the triangle is neither horizontal nor vertical, the excess is comparable to
I[(h/1)* provided that h < [ (depending on proximity of the base to an axial direction).
In higher dimensions, the excess in the triangle inequality also depends on the direction
of the altitude of a triangle in addition to the direction of its base.

The strict gap in the exponents witnessed in Example is an essential feature of ¢,
geometry when p # 2. To prove Theorems [1.6] and we employ tools from functional
analysis such as modulus of smoothness, modulus of convexity, and normalized duality
mappings to carry out the estimates outlined in Remark[I.4]and Example[I.9]in the setting
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of ¢, in full generality. In fact, we work in arbitrary uniformly smooth and uniformly
convex Banach spaces, which include the ¢, spaces when 1 < p < oco. To establish the
sufficient condition , we modify the “parametric proof” of the sufficient condition in
{5 recently developed by Badger, Naples, and Vellis [BNV19]. This approach also yields
new sufficient criteria for a set in a Banach space to be contained in a (1/s)-Hélder curve
with s > 1 (see Theorem [2.7). To verify the necessary condition , we follow the
proof of the necessary condition in ¢5 originally introduced by Schul [Sch07¢], indicating
which parts of the proof are metric, which parts are Banach, and which parts rely on
the uniform convexity of the norm. The adaptation of the Hilbert space proofs to ¢,
and related Banach spaces is non-trivial; see §2] (sufficient conditions) and §3] (necessary
conditions) for details. While revising an earlier draft of this manuscript, we encountered
some mistakes in the proof of the necessary conditions in [Sch07¢]; see Remark and
[BM22, Appendix C]. In §3.3| we show how to correct the error in a minimal way, leaving
the outline of virtually all of the original proofs intact; see Remark [3.24, We complete
the proof of Theorem [1.7|in [BM22].

To show that the exponents in Theorems and are sharp and to prove Proposition
.1 we construct Koch-snowflake-like curves in §5 While the examples of sharpness
when min(p,2) = 2 or max(2,p) = 2 can be built inside any two-dimensional subspace
of ¢,, the examples of sharpness when min(p,2) = p # 2 or max(2,p) = p # 2 require
curves that extend outside of every finite-dimensional subspace of ¢,. This is plausible,
because we know the critical exponent in any finite-dimensional Banach space is 2 by
the Analyst’s Traveling Salesman Theorem in R™ and bi-Lipschitz equivalence of norms
in finite dimensions (see §4| for details). Thus, it is natural to expect examples showing
sharpness of an exponent p # 2 to live in infinite dimensions.

Section {4 (the Analyst’s TSP in finite-dimensional Banach spaces) and §5| (examples)
may be read independently of § and [3] (proofs of the main theorems).

1.3. Related work. The inception for this investigation is a recent paper of Edelen,
Naber, and Valtorta [ENV19] that extends Reifenberg’s Topological Disk Theorem [Rei60]
(also see [DT12]) from the Euclidean to infinite-dimensional Hilbert and Banach spaces.
The original formulation of the theorem says that if a closed set ¥ C R™ is uniformly
bilaterally §(k, n)—closeﬂ to some k-dimensional affine plane at all locations in 3 and on all
sufficiently small scales, then ¥ is locally homoeomorphic to open subsets of R* (that is, ¥
is locally a topological disk). Reifenberg proved the Topological Disk Theorem to establish
existence and regularity of the Plateau problem in arbitrary dimension and codimension.
Underpinning the theorem is an algorithm that takes a collection of planes approximating
the set > and patches them together using orthogonal projections and partitions of unity
to construct a parameterization. Edelen, Naber, and Valtorta solve the problem of how
to implement this algorithm in a Banach space with dimension independent estimates.

2For a comparison of unilateral (Jones) versus bilateral (Reifenberg) flatness of a set, see [BLI5].
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The main application of the Reifenberg algorithm in [ENV19] is a structure theorem for
measures in Banach spaces, which we now briefly describe.

Following the convention used in [ENVI9|, for every Borel regular measure p on a
Banach space X, location z € X, and scale r > 0, define the k-dimensional L? Jones beta
number ﬁfj(x,r) by

(1.22) Bﬁ(m,rﬁ = inf T_k_2/ dist(z,p + V)? du(z),
B(z,r)

ptVFk

where the infimum ranges over all k-dimensional affine subspaces of X. Beta numbers
associated to measures were originally introduced by David and Semmes [DS91], [DS93] to
build a bridge between singular integral operators and quantitative rectifiability of sets.

Theorem 1.10 (Edelen, Naber, Valtorta [ENVI19, Theorem 2.1}). Let X be a Banach
space, let p be a finite Borel measure supported in B(0,1), let S C B(0,1) be a set with
w(B(0,1)\S) =0, and let r : S — (0,1). Assume that p satisfies
2
d
(1.23) ﬁl’j(a:, s)® @ < M? forallx €S,
r(z) o
where the exponent o is determined as follows:
e if X is a generic Banach space, then o = 1;
e if X is a Hilbert space, then o = 2;
o if X is a uniformly smooth Banach space and k = 1, then « is the smoothness
power of X (e.g. the smoothness power of £, is min(p,2) for 1 < p < 00).

Then there is a subset S" C S so that we have the following packing/measure estimate:

(1.24) m <B(0, D\ B(x,r(w))) Sk M and Y r(@)* Sipy 1

z€eS’! zeS’!

where px denotes the modulus of smoothness of X (see 55@ below).

Roughly speaking, condition (|1.23)) allows one to control the tilt of the approximating
planes in the Reifenberg algorithm and construct local bi-Lipschitz parameterizations.
For our present discussion, the most interesting aspect of Theorem |1.10|is the dependence
of the exponent a on the geometry of the Banach space X and the dimension k of the
approximating planes. In any given space, one would like to identify the largest possible
exponent such that the theorem holds. The exponent v = 1 corresponds to the triangle
inequality, which holds in any Banach space, and the exponent @ = 2 corresponds to
the Pythagorean theorem, which holds in any Hilbert space. In an intermediate scenario,
Edelen, Naber, and Valtorta prove that when X is a smooth Banach space and k = 1, the
exponent a can be taken to be the smoothness power of the Banach space. For example,
a =p when X =/, and 1 < p < 2. Furthermore, Edelen, Naber, and Valtorta prove that
the restriction to £ = 1 is necessary to obtain o > 1 in non-Hilbert spaces. This is tied
up with the existence of good projections onto lines when £ = 1 and the absence of good
projections onto subspaces when k > 2; see [ENV19], §3.6 and §5.3] for details.
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A strength of the Reifenberg algorithm over the Analyst’s Traveling Salesman Theorem
is that it gives conditions to build parameterizations of every dimension k. An advantage
of the Analyst’s Traveling Salesman Theorem over the Reifenberg algorithm is that it
provides necessary and sufficient conditions for parameterizations of dimension £ = 1.
Edelen, Naber, and Valtorta’s successful implementation of the Reifenberg algorithm in
smooth Banach spaces with £ = 1 provided our initial motivation to look for an Analyst’s
Traveling Salesman Theorem in Banach spaces.

A separate vein of research by Hahlomaa [Hah05] and David and Schul [DS21] (also see
[Sch07al, [Hah08]) focuses on the Analyst’s TSP in the setting of an arbitrary metric space.
Because metric spaces are not necessarily path-connected, it is natural to reformulate the
Analyst’s TSP as stated above and instead ask which sets in a given metric space X
are contained in rectifiable curve fragments, i.e. images of Lipschitz maps f : § — X
from some set S C [0,1]. Hahlomaa’s original work in this direction established an
analogue of the sufficient half of the Analyst’s Traveling Salesman Theorem by redefining
Jones’ beta numbers using Menger curvature, or equivalently, using the excess in the
triangle inequality. For different perspectives on rectifiability in measure metric spaces,
see e.g. [PT92] [Kir94l [AK00, Bat15, BCW17, BLI17, Nap20].

Following [DS21], for a given metric space E and ball Q = B(p,r), define 3Z (Q) by

BE(Q)? :=r""sup { dist(z, y) + dist(y, z) — dist(z, 2) :

(1.25) . . .
z,y,z € ENQ and dist(z,y) < dist(y, z) < dlst(x,z)}.

The metric beta number BE (Q) measures the normalized excess in the triangle inequality
among triples of points in £ N (. The exponent 2 on the left hand side of is
a convention that is imposed to make the statement of Theorem look similar to
Theorem when F C RY is endowed with the Euclidean metric.

Theorem 1.11 (Hahlomaa [Hah05, Theorem 5.3]). Let E be a metric space and let G be
a multiresolution family for E with inflation factor Ay ~ 1. If
(1.26) SL(9) = diam E + )  pL(Q)* diam Q < oo,

Qey

then there exists a set A C [0, 1] and a surjective Lipschitz map f : A — E with Lipschitz
constant Lip(f) < SZ(9).

Remark 1.12. It is known that the converse to Hahlomaa’s theorem is (quantitatively)
false for certain rectifiable curves in ¢2 = (R?, |-|;); see [Sch07b, Example 3.3.1]. A similar
phenomenon occurs in graph inverse limit spaces; see [DS17, §7]. This issue is not fully
understood and merits further investigation.

David and Schul recently announced a partial converse to Hahlomaa’s theorem, which is
the first non-trivial necessary condition for the Analyst’s TSP in a metric space. Together,
Theorems and are quite striking and indicate the rough shape that a full solution
to the Analyst’s TSP in a general metric space might take. Recall that a metric space is
doubling if every ball of radius r can be covered by at most D balls of radius r/2.
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Theorem 1.13 (David and Schul [DS21l Theorem Al). Let ¥ be a connected, doubling
metric space with doubling constant D and let 7 be a multiresolution family for ¥ with
inflation factor Ay > 1. For every e > 0,

(1.27) ST(A) ==diamQ + > BL(Q)* " diam Q Sep.a, H'(D).
Qe

Remark 1.14. The doubling assumption in Theorem [1.13| allows the authors to simplify
the overall proof of theorem. David and Schul conjecture (see [DS21, Remark 1.6]) that
the doubling assumption can be dropped by implementing the techniques in [Sch07d].

David and Schul present several corollaries to Theorem [1.13| with alternative definitions
of the metric beta numbers 8Z(Q) (see (1.25)). In particular, they obtain necessary
conditions for the Analyst’s TSP in ¢,, with 1 < p < oo, using traditional Jones’ beta
numbers f5(Q) (see (L.1))). Also see [DS21} Corollary D] for a more general statement on
uniformly convex Banach spaces.

Corollary 1.15 (David and Schul [DS21]). Let 1 < p < oo, let ¥ C ¢, be a connected
set with doubling constant D, and let 7 be a multiresolution family for ¥ with inflation
factor Ay > 1. For all € > 0,

(1.28)  Spmaxpre(H) = diam E+ > Bp(Q)"™P* diam Q Seppa,, H'(T).
QeH

In Theorem [I.7, we remove the doubling assumption and the error e from Corollary
1.150 This is accomplished by following the strategy in [Sch07¢].

Acknowledgements. The authors thank an anonymous referee for helpful comments
that led us to improve the exposition in §3] and include §4 The referee initially brought
the gap in [Sch07c|, which we report in Remark , to our attention; for the correction,
see Remark [3.24, We thank Raanan Schul for encouraging us to write out the details in
§3 and the appendix in full and hope this will assist others in learning the proof. Finally,
the first author would like to thank Raanan for his past mentorship and for imparting
some of his good mathematical taste.

2. MODULUS OF SMOOTHNESS AND PROOF OF THE SUFFICIENT CONDITIONS

2.1. Ordering flat sets in Banach spaces. A simple, but important ingredient in all
proofs of the Analyst’s Traveling Salesman Theorem is that “almost flat” sets of points
can be linearly ordered. To implement a generic Banach space version of the sufficient
half of the Analyst’s Traveling Salesman Theorem with universal constants (in the spirit
of Hahlomaa [Hah05]), we first develop an instance of this principle. The following lemma
is modeled after [BS17, Lemma 8.3].

Lemma 2.1 (flatness implies order). Let X be a Banach space. Suppose that V C X is a
d-separated set with #V > 2 and there exist lines Ly and Ly and a number 0 < a < 1/6
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such that

(2.1) dist(v, L;) < ad  forallveV andi=1,2.

Let m; : X — L; denote a metric projection onto L;, i.e. any map satisfying
(2.2) dist(x, L;) = dist(z, m;(z))  for all x € X.

There exist compatible identifications of Ly and Lo with R such that m(v') < m(v") if
and only if my(v') < me(v") for all v/, v" € V. If vy,vy € V, then

(2.3) (14 20) 7 mi(v1) — mi(ve)| < vy — va| < (1 + 3a)|m(v1) — m(va)].

Proof. Without loss of generality, it suffices to assume 0 = 1. Let V' C X be a 1-separated
set with at least two points. Assume that there exist one-dimensional affine subspaces L,
and Lo in X and a number 0 < o < 1/6 such that

dist(v, L;) <« forallveVandi=1,2.

Let m; denote a metric projection onto L;. For any distinct pair of points vy, vy € V,

1< vy —vg| < fmi(v1) — mi(va)] + 20,
because V is 1-separated and the distance of points in V' to L; is bounded by «. Hence
(2.4) |mi(v1) — mi(v2)| > |v1 — vao| —2a > 1 —2a > 2/3.
In particular, 2a < 3a|m;(vy) — m;(ve)|, and it follows that

|v1 — vo| < (14 3a)|mi(v1) — m;(va)].
This establishes the right half of . Similarly,

|Ti(v1) — i (v2)| < |1 — va] + 20 < (1 4 2a)|vg — V3,

which yields the left half of . In particular, note that
(2.5) |v1 — va| > |mi(vy) — mi(v2)| — 2a.

Suppose for contradiction that there are identifications of L; and L, with R and distinct
points v,v',v” € V such that 71 (v) < w1 (v') < m(v”), but m(v') < me(v) < mo(v”). Set

z = |v—1|, y = [v" =], z:= " =],
ry = |m(v) = m(v')], y1 = |m (V") = m (V)] 2= m (V") = m(v)l,
Ty = |ma(v) — ma(v')], Yo := |m2(v") — ma(v')], 29 1= |ma (V") — 2 (v)].

Heuristically, since 7 (v) < m(v") < m(v”), we have z &~ x+y, and since (V') < m(v) <
mo(v"), we have y &~ x+2. Hence z &~ z+2x, which yields a contradiction if « is sufficiently
small. More precisely, by repeated application of (2.4) and ({2.5),
z2n—20=n1+y —2a2x1+y—da >+ Yy — 6o
:SL'1+I2+22—6042Q31+$2+Z—804.
Rearranging, we obtain 4/3 < z7 + 22 < 8a < 8/6, which is absurd. Therefore, under
any choice of identifications of L; and Ly with R, either m(v) < m(v') if and only if
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ma(v) < m(v') for all v,v" € V, or m(v) < m(v') if and only if ma(v) > ma(v') for all
v,v" € V. Thus, we can choose compatible identifications of L; and Lo, with R such that
m1 (V") < mp(v") if and only if me(v') < me(v”) for all v/, 0" € V. O

Corollary 2.2 (cf. [BNV19, Lemma 2.2]). Let X be a Banach space. Suppose that V- C X
is a d-separated set with #V > 2 and there exists a line L and a number 0 < o < 1/6
such that

(2.6) dist(v, L) < ad  forallveV.
Enumerate V.= {vy,...,v,} so that v;yy lies to the right of v; for all1 <i <n—1. Then

(2.7) Z [vi1 — vil® < (14 3a)*|vy —v,|* for all s € [1,00).

Proof. Let m denote a metric projection onto L. For all 1 <14 < n, set x; := m(v;). Then
(1 + 306)_1|$i+1 - SL’z| S ‘Uz'—&-l — Uil S (1 + 30[)|.T2‘+1 - l’z| for all 1 S 1 S n—1
by Lemmam Assume s € [1 oo0) and #V > 2. Then

|vz+1
Z (1+ 3a Z i1 —
= (Z |$i+1 - xz|> = |£L‘1 - $n|s < (1 + 3O‘)S|Ul - UN|87

because s > 1 and 1, ..., z, appear in the given order on the line L by Lemma[2.1] This

proves ([2.7)). O

Remark 2.3. In a general Banach space, the metric projection is not unique and may be
norm-increasing. For example, in /2 = (R?, |- |), consider the horizontal line L through
the origin (“the z-axis”) and the point v = (1, «) for some 0 < o < 1. Then |v|, = 1,
dist(v, L) = «, and a metric projection from v to L can be any point on the line segment
[1—a,14a]x{0}. In particular, if 77 (v) = (14«, 0), then |71 (V)]0 = (14 @)[V]0o > [V]co-
This shows that in Lemma [2.1]for an arbitrary Banach space, we cannot expect to replace
the lower bound in with a 1-Lipschitz bound.

2.2. Lipschitz and Holder continuous Traveling Salesman parameterizations in
Banach spaces. Throughout this section, let X denote an arbitrary Banach space.

Definition 2.4 (doubling scales). Let 0 < & < & < 1. A (&, &)-doubling sequence
of scales is a sequence (pg)52, of positive numbers such that py = 1 and for all k£ > 0,
1ok < prr1 < &pr. In the special case when & = &, we may call (pr)52, a geometric
sequence of scales.

Following [BNV19], let ¥ = (Vi, px)i>, be a sequence consisting of nonempty finite
sets Vi in X and positive numbers pi. Assume that there exist zg € X, rg > 0, C* > 1,
and 0 < & < & < 1 such that ¥ has the following properties.
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(VO) The numbers (px)52, are a (&1, &2)-doubling sequence of scales.

(V1) When k = 0, we have Vy C B(zg, C*r9).

(V2) For all £ > 0, we have Vj, C Vjy1.

(V3) For all £ > 0 and all distinct v,v" € Vi, we have |v — v'| > pgro.

(V4) For all £ > 0 and all v € Vi1, there exists v' € Vj such that |v — vg| < C*pry170.

With C* and &, given, define the associated constant
C*
2.8 A= .
29 -6
In addition to (V0)—(V4), assume that for each £ > 0 and v € Vj, we are given a number
ok, > 0 and a line Ly, in X such that

(V5) sup dist(z, Li») < Qg pPr+170-
IEVk+1mB(U,30A*pk’r’0)

Definition 2.5 (flat pairs, see [BNV19]). Fix a parameter o € (0,1/6). For all £ > 0,
define Flat(k) to be the set of pairs (v,v") € Vi, x Vj such that
(F1) ppro < |v —'| < 14A*pyro, and
(F2) ap, < o and v’ is the first point in Vi N B(v, 14A%piro) to the left or to the right
of v with respect to the ordering induced by Ly ,.

Given a pair (v,v") € Flat(k), let Vii1(v,v") denote the set of all points z € Viiq N
B(v,14A*pyro) such that z lies between v and v (inclusive) with respect to the ordering
induced by Ly,.

Definition 2.6 (variation excess, see [BNV19]). For all s € [1,00), for all k£ > 0, and for
all (v,v") € Flat(k), define the s-variation excess 75(k,v,v") by

n—1
(2.9) 7s(k,v,v")|Jv —v'|* = max { <Z Vi1 — vi]3> — v =%, O} :
i=1

where Vii1(v,v") = {vq,...,v,} is enumerated so that v; = v and for all 1 <i <n —1,
Vir1 € Vir1(v,v') is the first point after v; in the direction from v to v’ with respect to
the ordering induced by Ly, (hence v, =v').

The following theorem extends Badger, Naples, and Vellis; see [BNV19, Theorem 5.1].
In its original form, the theorem was stated for X = ¢y, with a weaker restriction on «y,
achieved through targeted use of the Pythagorean theorem.

Theorem 2.7 (Holder Traveling Salesman parameterizations for nets in Banach spaces).
Let X be a Banach space. In addition to (V0)-(V5), assume that

(2.10) ap < aq = %

If the sum

oo o
(2.11) Sy = (kv )pp+ Y Y pi < oo,
k=0 ( k=0

v,v’)€EFlat(k) = ve\;k
A oy 2 Q0
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then there exists a (1/s)-Hélder continuous map f : [0,1] — X such that f([0,1]) contains
Urso Vi and the (1/s)-Hélder constant of f satisfies H Sscx 6.6, To(1+ 55).

Proof. Repeat the proof of [BNV19, Theorem 5.1] (see [BNV19, §§2-5]) mutatis mutandis.
Use Lemma and Corollary above in place of [BNV19, Lemmas 2.1 and 2.2]. [

Remark 2.8 (outline of key modifications). We specify some details to aid the reader

with the proof of Theorem [2.7 The reader is first urged to read through [BNV19, §2],

followed by item (CO0) in [BNVI9, §3.10], which indicates how key parameters are chosen.
In Hilbert space, the initial upper bound 1/16 on the size of aq is made so that

1+ 3a) <1+ 3(1/16)% < 1.1.

See [BNV19, Lemma 2.3]. In generic Banach space, let us initially require ap < 1/31 so
that 1+ 3ap < 143(1/31) < 1.1. Then using Lemma 2.1] instead of [BNV19, Lemma 2.1],
the rest of the proof and conclusion of [BNVI9, Lemma 2.3] goes through as written.

The algorithm presented in [BNV19] §3] requires no changes in the Banach setting.

The principal estimates in the proof of the theorem occur in [BNV19, §4]. No changes
are required until we reach the proof of [BNV19, Lemma 4.6], where we need to use
Corollary instead of [BNV19, Lemma 2.2]. This time, we require that oy < 1/62 so
that we can replace the original estimate 1+3a3 < 1.1 with the estimate (1+3ag)? < 1.1.
The next required change occurs at the end of the proof of [BNV19, Lemma 4.9]. Using
Corollary once again, we see the original requirement 1+ 3a2 — & /14A* < 1 becomes
(1+3ap)? — & /14A* < 1, or equivalently 6ag + 90 < & /14A*. With our a priori bound
ap < 1/62, this certainly holds provided (6 +9/62)ag < & /14A*. Thus, after noting that
(64 9/62)14 = 86.03..., it suffices to take

o < S 51(1—52)‘
87T A* 7C™*

Note that

mm{i 1 a0 —@)} _a(-8)
31°62°  87C* 87C* 7
because 0 < & < & < 1 and C* > 1. There are two final uses of Lemma [2.1| instead
of [BNV19, Lemma 2.1] to estimate the separation of points after projection onto an
approximating line ¢y ,, once in the proof of [BNVI9, Proposition 4.11] and once in the
proof of [BNV19, (4.3)]. This change affects the value of the implicit constant in [BNV19,

Proposition 4.11], but not dependencies of the constant.
To finish the proof of Theorem repeat the argument in [BNVI9, §5.1] verbatim.

Corollary 2.9. Let X be a Banach space. Assume V = (Vi, pr)ie, satisfies (V0)-(V5)
above. If the sum

e}

(2.12) Sy = Z Z Qo Pl < 00,

k=0 veV,
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then there exists a rectifiable curve I' containing Ukzo Vi such that
(2'13) Hl(F) «SC*7§1,§2 700(1 + S"V)

Proof. Set ay = «;, which depends only on &;, &, and C*. By Corollary with s =1,
we have 7 (k,v,v") < 6ag, + 907, < Tayg, for every flat pair (v,v’) € Flat(k). Thus,

Z Z Tl(k,v,v/)pk—i-z Z Pk
k=0 ( k=0

v,v’)EFlat(k) = ve‘;k
Ay 2 Q1

Z Tag,pr + oy’ Z ok < a7 'Sy < 0.

k=0 (v,v")eFlat(k) ve\;k
[C7° RV e

s

IA

By Theorem there exists a Lipschitz map f : [0,1] — X such that T’ := f([0,1])
contains | Jy—, Vi and HY(T') < Lip(f) Sceere0 T0(1 + 55) Scov g1 7o(1 4+ Sy). O

For completeness, we show how to use Corollary to derive a beta number criterion
for a set in a Banach space to be contained in a rectifiable curve. The following theorem is
best viewed as the Banach space analogue of Theorem [1.11] expressed with the geometric
Jones’ beta numbers instead of metric beta numbers . To recall the definition
of the sum Sg1(¥) of beta numbers over a multiresolution family ¢ for E, see (|1.15).

Theorem 2.10 (sufficient half of Schul’s theorem in arbitrary Banach spaces). Let X be
a Banach space. If E C X and Spi(¥) = diam E + .y Be(Q) diam Q < oo for some
multiresolution family ¢ for E with inflation factor Ay > 240, then E is contained in a
rectifiable curve I' in X with

(2.14) H'(T) <ay, Sel(9).

Proof. Let X be a Banach space, let E C X, let ¢ be a multiresolution family for £ with
inflation factor Ay > 240, and assume that Sg (%) < co. Then E is bounded and there
exists a unique integer ko € Z such that

(2.15) 27k < diam E < 227",

For all k& > 0, define p, = 27% and V; = Xjy1x, where (X;);cz are the 277-nets for E
used to define &. Set parameters C* = 2, { = & = %, and ry = 27" and choose any
xo € Vo = Xj,. Then the sequence ¥ = (Vi, pr)5o, satisfies properties (V0)—(V4) above.
Note that A* = 4C™* = 8 and 30A4* = 240, since £ = & = % For each k£ > 0 and v € V},
set oy = 8AyBr(B(v, Ay 2~ (k)Y and choose Ly, to be any line such that

(2.16) sup dist(z, Lio) < 28p(B(v, Ag2~ %)) diam B(v, Ay2~ "),

z€ENB(v,Ag2~ (Fotk))
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Because Ay > 240 = 30A*, it follows that for all £ > 0 and v € V,

sup dist(, Lio) < 28e(B(v, Ag2~ %)) diam B(v, Ag2~ ko)
zEVk+1ﬂB(U,30A*ka0)
(2.17) < 84y Bp(B(v, Ag2~Foth)))a(kothtl)
= OkwPk+17T0-

Thus, property (V5) is satisfied, as well. To proceed, observe that

[e.9] o0

(218) Sy => > arupr=Y_ > 8AyBu(B(v, Ag2~*))27F < 8A,2M 5 1(9).
k=0 veVy k=0 z€V},

Since Sy < 8A44Sp1(¥) < 0o, there is a rectifiable curve I' containing U;O:O V. such that

(2.19) Hl(E) 50*751@2 7”0(1 + Sﬂy) 5 7”0(1 + 8Ag7“0_15E71) ,SAg SEJ

by Corollary 2.9 and (2.15). Finally, note that since (V})%2, is a sequence of 2~ (Fo+%)_nets

for E and T is closed, I' contains the set | J;—, Vi D E, as well. O

Remark 2.11. The constant 240 in Theorem has not been optimized and can be
at least somewhat reduced at the cost of growing the implicit constant in (2.14)). In the
future event that a smaller constant is needed, the reader should first consult [BNV19,

§3.10]

2.3. Triangle inequality excess in uniformly smooth Banach spaces. Our goal in
this section is to prove that in a uniformly smooth Banach space of power type p € (1, 2],
the exponent 1 in Corollary [2.9]and Theorem [2.10] may be replaced with the exponent p.
In the process, we will verify in Theorem . The essential step is to improve the
exponent in the bound in Lemma To achieve this, we follow the strategy used by
Edelen, Naber, and Valtorta [ENV19] in their proof of one-dimensional Reifenberg-type
theorems in uniformly smooth Banach spaces. The approach utilizes a special projection
operator, which is available in uniformly smooth Banach spaces.

Definition 2.12. Let X be a Banach space. The modulus of smoothness px of X is the
function px : [0, 00) — [0, 00) defined by

(2.20) px(t) == sup 1

Wiy 4 2(!x+y|+|x—y|)—1 for all t € [0, 00).
z|=1,|y|=t

Definition 2.13. We say that X is uniformly smooth if px(t)/t = o(t) as t — 0. In this
case, we say that X is smoothness power type p € (1,2] if there exists C' > 0 such that
px(t) < CtP for all t > 0.

Remark 2.14 (essential facts). For general background on the modulus of smoothness
and uniformly smooth spaces, including the following inequalities, see e.g. [Die75, Chapter
Three] or [LT79, Chapter 1, §e]. On any Banach space X, the modulus of smoothness px
is a non-decreasing convex function such that px(0) = 0 and

2.21 V1I+t2—1=p,(t) < px(t) <t forallt>0.
2
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Since px is convex and px(0) = 0,

px(t1) < px(t2)
tl - (2

(2.22) for all 0 < t; < t,.

Furthermore, there exists a constant 1 < Ly < 3.18 (see Figiel [Fig76, Proposition 10])
such that

(2.23)

2 : for all 0 < t; < tq,
2 1

The modulus of smoothness px and modulus of convexity dx (see §3.2) are related by
1
(2.24) px+(t) = sup {éte —ox(e):0<e< 2} for all t > 0.

Hence the dual X* of a uniformly convex Banach space X (see §3.2) is uniformly smooth.
Finally, every uniformly smooth Banach space is reflexive.

Example 2.15. By Hanner’s inequalities [Han56], pz»(t) = p~'t? +o(t?) when 1 < p < 2;
and pr»(t) = 3(p—1)t*+0(t?) when 2 < p < oo. In particular, the LP spaces are uniformly
smooth with power type min(p,2) when 1 < p < oc.

We now present a class of 1-Lipschitz projections onto a line in a Banach space. Given a
real Banach space X, let X* denote the dual of X and let J : X — X* denote a normalized
duality mapping, i.e. a (nonlinear) map satisfying

(2.25) |J(2)|x- = |z| and {(J(z),z) = |z]* forall z € X,

where (f,x) = f(x) € R denotes the natural pairing of f € X* and = € X. Alternatively,
J is a subgradient of the convex function z € X — 1|z|? (see [Asp67, [Kie02]). The norm
on any (uniformly) smooth Banach space X is Gateaux (uniformly Fréchet) differentiable,
and thus, J is uniquely determined (see e.g. [Die7h, Chapter Two]) when X is smooth.
For example, when X =/, with 1 < p < oo,

J(x) = |z} Py € 6 = by,

where y = (|21 [P~ 221, |22|P 229, ... ) and p’ is the conjugate exponent to p.

Definition 2.16 ([ENV19, Definition 3.31]). Let X be a Banach space and let L be a
one-dimensional linear subspace of X. Define the J-projection 11, onto L by

(2.26) I (z) := (J(v),z)v forall z € X|

where J is a normalized dual mapping and v is a point in L with |v| = 1. When L is a
one-dimensional affine subspace of X, define II;, = p+1I;,_,(- — p) for any choice of p € L.
For all lines L, we also define Hf = Idx — I1;.

Let us record some elementary properties of J-projection.

Lemma 2.17. Let X be a Banach space and let L be a one-dimensional linear subspace
of X. The J-projection 11}, satisfies each of the following properties.
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(1) For all x € L, we have I (x) = x.

(2) For all z € L+ =111 (X), we have (Jv,z) = 0 and I (z) = 0.
(8) For all x € X, we have |l (x)| < |x|.

(4) For all x € X, we have dist(z, L) < |l (x)| < 2dist(z, L).

Proof. Let v € L be the unit vector in the definition of II;. If x € L, say x = cv, then
I (x) = (Jv, cv)v = e(Jv,v)v = c|v|*v = cv = 2.
This gives the first point. To see the second point, for any x € Lt say = = 17 (y),
(Ju,z) = (Jv,y = {(Jv,y)v) = (Jv,y) — (Jv,p){Jv,v)
= (Ju,y) = (Ju,y)lo]* = (Jv,y) — (Jv,y) = 0.
Hence I, (z) = (Jv,xz)v = Ov = 0. For the third point, observe that for any x € X|
()] = [(Jv, 2)v| < [Jvlx|z[lv] = |vf|2] = |2].

To see the last point, suppose that x € X. Clearly, |11 (z)| = |II;(z) — x| > dist(z, L).
Choose y € L such that |z — y| = dist(z, L). Then

I (z) — x| < |[Tp(x) —y| + |z — y
= | (z) — L (y)| + |z — y| < 2|z — y| = 2dist(z, L). O

We now check that in any Banach space, the J-projection II; induces a well-defined
order on a sufficiently flat, separated set of points, by checking compatibility with the
order induced by a metric projection 7. The importance of this fact for us is that in the
definition of flat pairs in the traveling salesman algorithm (see Definition , it does not
matter whether we order points by 7, or 1.

Lemma 2.18 (order compatibility for I, and 7). Let X be a Banach space. Suppose that
V' is a 0-separated set with #V > 2 and there exists a line L and a number 0 < o < 1/8
such that dist(x, L) < ad for all x € V. Then the J-projection 11, induces an order on V
compatible with the order induced by a metric projection wp, onto L.

Proof. Let V' C X be a d-separated set with #V > 2 let L be alinein X let 0 < a < 1/6,
and assume that dist(z, L) < a0 for all x € V. Without loss of generality, we may assume
that L is a linear subspace of X. Fix any metric projection 7y, onto L. The restriction on
a ensures that 7 induces a unique order on V' by Lemma If z,y € V are distinct,
then

(2.27) o~ 9] > () ~ My(y)] > |o — ] ~ [T )| — T ()] > (1~ 40)5 > 56> 0

by the triangle inequality and Lemma We may now check that the J-projection II,
induces an order on V' that is compatible with the order induced by 7. To that end,
suppose that z,y,z € V are distinct points, write 2’ = 7 (x), v = 7.(y), 2’ = 7(2)
and " =1 (x), v = 1(y), 2" = 11(2), and suppose to get a contradiction that there



20 MATTHEW BADGER AND SEAN MCCURDY
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FIGURE 3. Fibers (cyan) of the J-projection I, of X = £Z , onto the (red)
line L = span(v), where v = (1/4, 1), (1/4)°/* + y8/4 = 1. The dot (black)

is the metric projection 7z (w) onto L of w = (1/4,y,) with Il (w) = (0,0).

exists identifications of L with R such that 2’ < ¢’ < 2/ and ¢y’ < 2” < 2”. Heuristically,
because of the order of the triples on the line L,

v =z~ e —yl+ |y — 2= |z —y|+ |z -yl + |z — 2],

which is impossible if « is sufficient small. More precisely, on one hand, by ([2.4]) and (2.5
from the proof of Lemma [2.1] (recalling that there we normalized § = 1),

|z —z| > 2" = 2| =226 = 2" — |+ |y — 2| — 200 > |x —y| + |y — 2| — 6,
since ' <y’ < 2. On the other hand, by ([2.27)),
ly— 2l 2 y" = 2" =y — 2"+ |2" = 2" 2 |y — 2 + [& — 2| — 8ad,

since y” < x” < z”. Combining the previous two displayed equations and recalling V' is
0-separated, we obtain

v — 2| > 2|z —y| + |x — 2| — 14ad > |z — 2| + 26 — 14,

or equivalently (2 — 14a)0 < 0. This is a contradiction, because a < 1/8 implies that
2—14a>2—-14/8 =1/4 > 0. It readily follows that there is an identification of L with
R such that m(z) < 7 (y) if and only if I, (z) < I (y) for all z,y € V. O

Remark 2.19 (geometric interpretation in smooth spaces). Assume that X is smooth.
For a line L, spanned by a unit vector v € X, the J-projection II; admits the following
geometric description. Let T,0B(0,1) denote the tangent hyperplane to 0B(0, 1) at the
point v (which exists because X is smooth). By Lemma [2.17)(2), a point 2 € X satisfies
I, (z) = cv if and only if x € (cv + T,0B(0,1)). See Figure 3|
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Lemma 2.20. If X is a smooth Banach space, then

%IZL‘ +yl* =2(J(z +ty),y)
forall x,y € X andt € R with x +ty # 0 and y # 0.
Proof. Since 2.J is the subgradient of x € X — |x|?, we have
2|2 — |z +ty|? > 2J(z +ty),z — (x + ty)) for all z € X.

The claim follows by applying the inequality to the difference quotient

|z + (t + h)y|* — |z + ty|?
h

along values h — 07 and for h — 07, where the limit exists by Gateaux differentiability
of the norm. U

The following estimate by Alber is crucial for our application below.

Lemma 2.21 (see Alber [AIb96a, Remark 7.3] or [AIb96DL (2.13)]). Let X be a uniformly
smooth Banach space and write hx(t) = px(t)/t. Then

(2.28) |/ (z) = J(y)

where Cy = 2 max (1, v/ 5 (|22 + |y|2))) and Lg is Figiel’s constant (2.23)).

The next estimate is similar to [ENV19, Lemma 3.27]. Unfortunately, the proof of the
lemma given in [ENV19] is partially based on [ENV19, Lemma 3.26], which appears to
misstate Lemma [2.21} Thus, we supply a proof of the estimate.

x+ < 400hx(800L0’1' - y’) fOT all T,y € X>

Lemma 2.22. Let X be a uniformly smooth Banach space and let L be a one-dimensional
linear subspace of X. If v € X, |z| <1, and dist(z, L) < a|z|, then

S
1 -4«

(2.29) lz| < |Hp(x)| + hx(5lalx]),

where hx(t) = px(t)/t.

Proof. For brevity, write y = Il (z) and 2z = II{(z) = 2 — y. If dist(z, L) < alz|, then
ly| < |z| and |z| < 2a|z| by Lemma [2.17] Thus, by Lemma and the fundamental
theorem of calculus,

] — |y /ld\ e dt /11| e Ly
x| — |yl = — z|dt = — z| T — z
=)0’ . 2" at"”

1 . 1 1
:/0 ly + tz] <J(y+tz),z>dt§m/o (J(y + tz), z) dt,

where we used the rough estimate |y + tz| > |y| — |z| > |z| — 2|2| > (1 — 4a)]|z]|.
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Now, by Lemma (J(y),z) = 0. Therefore, by Alber’s inequality (2.28)),

/0 ((y + 1), 2) dt = / Iy +12) — J(), 2) di < / Ty +t2) — J(y)

z| dt

X*

1
< 4co|zy/ h (8CoLolt2]) dt < ACo|2|hx(8CoLo|2]),
0

where Cy = supj<;<; max{1, \/%(\QP + |y +tz]?)} <1 (since x| < 1) and 1 < Ly < 3.18.
Recall that hx(t) is non-decreasing (see Remark [2.14) and |z| < 2«|z|. Thus,

1
/ (J(y +tz), z) dt < 8a|z|hx(blalx]),
0

as 16Ly < 50.88. Combining the displayed estimates yields ([2.29)). O
We may now improve Lemma [2.1] in uniformly smooth Banach spaces.

Lemma 2.23 (cf. Lemma. Let X be a uniformly smooth Banach space. Suppose that
V' is a d-separated set with #V > 2 and there exists a line L and a number 0 < a <
43/1224 = 0.0351... such that dist(z, L) < ad for all x € V. If vy,v3 € V, then

(2.30) L (v1) = Mz (v2)| < for = va| < (1 + px(1020)) [T (01) — L (v2)]-

Proof. Let V. C X be a d-separated set with #V > 2, let L be a line in X, let o > 0, and
assume that dist(z, L) < ad for all x € V. Fix any pair of distinct points vy,vs € V. By
applying two translations and invoking the triangle inequality, we may assume that L is
a linear subspace of X, 0 = v; € L, and v := vy satisfies |v| > 0 and dist(v, L) < 2ad.
Applying a dilation, we may further assume that |v| = 1. Then dist(v, L) < 2ad < 2a|v|
and by Lemma [2.22)]

16
1-28

o] < |TI(v)| + ——2=hx(1020) = [I(v)] + P (1020).

51(1 — 8a)
Recall that px(t) <t in any Banach space; see (2.21]). Hence

16 1-24a

()| > |o| — - .
()] 2 ol 1-8a 1-8a

px(102a) > 1 —

51(1 — 8a)
We now require that
8 1 — 24«
< )
51(1 —8a) = 1— 8«
or equivalently, av < 43/1224. Then combining the displayed equations yields the right
hand side of (2.30). The left hand side of (2.30) follows immediately from Lemma[2.17 O

Corollary 2.24 (cf. Corollary . Let X be a uniformly smooth Banach space. Suppose
that V C X is a d-separated set with #V > 2 and there exists a line L and a number
0 < a < 43/1224 such that dist(xz, L) < «d for all x € V.. Enumerate V = {vy,...,v,}
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so that v, lies to the right of v; for all 1 < i <n—1, relative to the ordering induced by
the metric projection 7y, or the J-projection I1;, (see Lemma . Then

n—1

(2.31) Z [viv1 — vi]* < (14 px(102a))%|vy — v, |° for all s € [1,00).

i=1
Proof. Repeat the proof of Corollary mutatis mutandis. Use Lemma [2.23| instead of
Lemma 2.1] d

Theorem 2.25 (Analyst’s Traveling Salesman parameterizations for nets in uniformly
smooth Banach spaces, cf. Corollary . Let X be a uniformly smooth Banach space
and let px denote its modulus of smoothness (see Definition . Assume that V' =
(Vie, M) satisfies (VO)~(V5) in §2.3. If the sum

(2.32) S (1) =) px(10201,4) A < 00,
k=0 veVy

then there exists a rectifiable curve T’ containing | J,—, Vi such that

(2.33) H'(T) Som e ro(L+ Spe (V)

Proof. As in the proof of Corollary set ag = ay, which only depends on C*, &, and
&. Note that ay < 1/384 < 43/1224. Thus, by Corollary with s = 1 and the bound

px(102a1) > pe, (10201) = o e gy ¢, 1 (see ([2:21),
SRS S SRR 3 ot

k=0 (v,v")€eFlat(k) k=0 wvevy
Q>0
< > px(10204,) N, + pry (10200) 7 D px(10205,0) M
k=0 (v,v")€Flat(k) vEV)

ak,vzal

50*761,62 pr(d//) < 0.

By Theorem there exists a Lipschitz map f : [0,1] — X such that I' := f([0, 1])
contains | J;—, Vi and H'(T') < Lip(f) Scere T0(1+57) Sovere mo(1+ S, (7). O

Theorem 2.26 (sufficient half of Schul’s theorem in uniformly smooth Banach spaces).
Let X be a uniformly smooth Banach space of power type p € (1,2]. If E C X and
Spp(¥) = diam E + 3y, Brp(Q)F diam Q < oo for some multiresolution family & for E
with inflation factor Ay > 240, then E is contained in a rectifiable curve I' in X with

(2.34) H'T) Spypny Sep(9).

~PX,

Proof. Repeat the proof of Theorem [2.10| mutatis mutandis. Use Theorem [2.25|in lieu of
Corollary [2.9 O

Because the Banach space ¢, is uniformly smooth of power type min(p,2) when 1 <
p < 00, the sufficient condition (1.17]) in Theorem follows immediately from Theorem
2.20l
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3. MODULUS OF CONVEXITY AND PROOF OF THE NECESSARY CONDITIONS

3.1. Canonical parameterization of finite length continua and beta numbers
associated to a parameterization. At the heart of the proof of necessary conditions
in Analyst’s Traveling Salesman Theorems is the existence of parameterizations of finite
length continuum by Lipschitz curves. An excellent source for the essential background
is the recent paper [AO17] by Alberti and Ottolini.

Given a continuous map f : [0, 1] — X into a metric space and a closed, non-degenerate
interval I C [0, 1], the variation var(f,I) of f over I is defined by

(3.1) var(fo )= sup Y |f(ain) = fla)] € 0, 00),

ar<-Sany1

where the supremum ranges over all finite increasing sequences in I. Associated to f,
define the multiplicity function m(f,-) : X — [0,00], m(f,z) = #f'(x) for all z € X.
The following proposition records the well-known connection between the variation of f
(intrinsic length) and the Hausdorff measure of the image of f (extrinsic length).

Proposition 3.1 ([AOIT, Proposition 3.5]). Let f :[0,1] — X be a continuous map into
a metric space and let I C [0,1] be a closed, non-degenerate interval. If var(f, 1) < oo,
then m(f|r,-) is a Borel function and

(3.2) var(f, ) :/Xm(fll,x) dH'(z).

A theorem of Wazewski [Waz27] asserts that every connected, compact metric space
¥ with finite one-dimensional Hausdorff measure H! admits a Lipschitz parameterization
by the interval [0, 1] with Lipschitz constant Lip(f) = sup,,, |f(z) — f(y)|/|z — y| at
most 2H1(Z)H Alberti and Ottolini have recently proved the following refinement of
Wazewski’s theorem (in particular, that f has degree zero). Property (2) says that the
parameterization f of X is essentially 2-to-1.

Theorem 3.2 ([AOLT, Theorem 4.4]). Let ¥ be a connected, compact metric space with
HY(X) < co. Then there exists a continuous function f :[0,1] — X such that

(1) f is closed, Lipschitz, surjective, and has degree zero (see [AO1T]);
(2) m(f,z) =2 for H'-a.e. x € X, and var(f,[0,1]) = 2H'(Z); and,
(3) f has constant speed equal to 2H (X).

In any Banach space X, a connected set ¥ C X has the property that H!(X) = H} (),
where ¥ denotes the closure of ¥ in X. Moreover, if ¥ C X is closed, connected, and
H1(X) < oo, then X is compact. The proofs of these facts are simple exercises with the
definitions, using convexity of X; see e.g. [Sch07d, §5] (although stated there for X = /s,
the proofs there hold in any Banach space).

Corollary 3.3. Let X be a Banach space. If ¥ C X is connected and H'(X) < oo, then
there exists an essentially 2-to-1 Lipschitz surjection f : [0,1] — X with Lip(f) = 2HY(X).

3This fails dramatically for higher-dimensional curves, see e.g. the “Cantor ladders” in [BNV19l §9.2].
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For the remainder of §3, we fix a connected set ¥ in a Banach space X with H'(X) < oo
and we fix a parameterization f : [0,1] — ¥ given by Corollary . Following [Oki92),
Sch07c|, we refer to subcurves of f as “arcs”; note that we do not require arcs be 1-to-1.

Definition 3.4 (arcs and associated quantities). An arc, 7 = f|j4, of ¥ is the restriction
of f to some interval [a,b] C [0,1]. Given an arc 7 : [a,b] — %, define

e Domain(7) = [a, b], Image(7) = 7([a, b]) = f(|a,b]), Diam(7) = diam Image(7),

e Start(7) = 7(a) = f(a), End(7) = 7(b) = f(b), and

e Edge(7) = [f(a), f(b)], i.e Edge(7) is the line segment in X from f(a) to f(b).

Remark 3.5. On any interval [a,b] C [0,1], the map ¢ — Diam(f|[4,qa+¢) is a continuous
function on [0, b—a]. Thus, by the intermediate value theorem, any arc 7 with Diam(7) > «
can be partitioned into a finite number of arcs o, all of which save one have Diam(o) = «,
and the final of which has Diam(o) between « and 2a.

Definition 3.6 ([Oki92, [Sch07c]). Given an arc 7 of ¥, we define the arc beta number

s dist (, Edge(r))
(3.3) B(r) = meit;gem Diam(7) € [0, 1].

Example 3.7. Unlike the Jones’ beta numbers, which satisfy (|1.2]), the arc beta numbers
are highly non-monotone. To see this, we construct a family of simple examples in the

Euclidean plane R?. Consider the three collinear points
r=1(0,0), y=1(60), z=(1,0) forsome €€ (0,1).
Let 7/ be an arc whose image traces a piecewise linear path
T=Y— 2z

Let 7 be an arc with Domain(7’) C Domain(7) such that the image of 7 traces a piecewise
linear path
2T Y2y,

TV
Image(7’)

We have Image(7’) = Image(7) = [0,1] x {0}, whence Diam(7") = Diam(7) = 1. However,
Edge(7') = [z, y], while Edge(7) = [y, 2], so that
[

B(r') = dist(z, [z,y]) =1 —€ and B(r) = dist(z, [y, 2]) = €.
Thus, 5(7')/B(1) = (1 — €)/e can be arbitrarily large or arbitrarily small by choosing the

parameter e sufficiently near 0 or 1, respectively. Similar examples can be made with
1-to-1 arcs by allowing the trace of 7/ and 7 to lie inside [0, 1] x [—h, h] with h < €.

Remark 3.8. In [Sch07c| (at the very end of the statement of Lemma 3.13), the author
mistakenly asserts that Domain(7’) C Domain(7) and Diam(7) < Diam(7’) imply that
B(r) = B(r'). This claim is then applied in the proofs of Lemmas 3.14 and 3.16 of that
paper. By modifying the definition of almost flat arcs (see Remark below), one can
avoid this trap entirely.
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Under special circumstances, the arc beta numbers are almost monotone. We do not
use Lemma or below, but include them for completeness.

Lemma 3.9 (almost monotonicity I). If 7 and 7 are arcs in X with Domain(7') C
Domain(7), then

(3.4) B(7") Diam(7') < B(r) Diam(7) + excess(Edge(7’), Edge(7)),

where excess(A, B) = sup,c4 inf,ep | — y| denotes the excess of A over B.
In particular, if e € (0,1) and 7 is obtained by concatenating an arc of (image) diameter
no more than eB(7") Diam(7’) to each endpoint of 7', then

(3.5) ) < (10 (T ) ).

Proof. Let z € Image(7’) and w € Edge(7’) be any pair of points such that 5(') Diam(7) =
dist(z, Edge(7’)) = |z — w|. By definition of the excess and compactness of line segments,
there exists a point v € Edge(r) such that [v — w| < excess(Edge(7’), Edge(r)) =: E.
Hence §(7) Diam(7) > |z — v| > |z — w| — |w — v| > B(7") Diam(7’) — E.

Let € € (0, 1) and suppose that 7 is obtained from 7’ by concatenating arcs of diameter
no more than 7 := ¢f(7’) Diam(7’) to the endpoints of 7/. Then | Start(7) — Start(7’)| and
| End(7) — End(7’)| are bounded by 7. Given p € Edge(7’), there is 0 < ¢ < 1 such that
p = tStart(7’) + (1 — t) End(7’). Then ¢ = t Start(7) + (1 — t) End(7) € Edge(7) and

dist(p, Edge(7)) < |p — q| < t| Start(r) — Start(7')| + (1 — )| End(7) — End(7")| < 7.
As p was an arbitrary point in Edge(7’), it follows that £ < 7. Thus,

(1 —€)B(r") Diam(7’) < B(7") Diam(7') — E < B(r) Diam(7). O

Lemma 3.10 (almost monotonicity II). Let 7/ and T be arcs of ¥ with Domain(7") C
Domain(7), let ' = Start(7'), let y = End(7’), and let 2’ € Image(7’) be a point such that

(3.6) B(7") Diam(7") < A dist(2’, Edge(7")).

Let z,y, z denote (possibly non-unique) points in Edge(T), which realize the distance of
x'y', 2" to Edge(T), respectively. If z lies between x and y in Edge(7), then

(3.7 i) <22 (pomlD) ().

Proof. Assign 0 := maxyycfar -y dist(w’, Edge(7)). If 2 € [z,y], then we can write z =
tz + (1 —t)y for some t € [0, 1]. Then

dist(z, Edge(7")) < |z — (t2' + (1 = t)y)| < tlz — 2|+ (1 = t) |y — ¢/| < 0.
Hence
A1B(7) Diam(7') < dist(2’, Edge(7"))
< |2/ — 2| + dist(z, Edge(")) < 26 < 2/3(r) Diam(7),
where the final inequality holds because ', 3/, 2’ € Image(7). O



SUBSETS OF RECTIFIABLE CURVES IN BANACH SPACES 27

Let us now recall a key element in the proof of the necessary conditions in Theorems
and [1.5] first introduced by Okikiolu and later formalized by Schul.

Definition 3.11 ([Oki92, [Sch07d]). A filtration F = -, Z is a family of arcs in X
with the following properties.

(1) Tree structure: If 7" € Z,.4, then there exists a unique arc 7 € %, such that
Domain(7’) C Domain(r).

(2) Geometric diameters: For every 7 € %,, Ap~™ < Diam(r) < Ap~" for some
constants p > 1 and 0 < A < A < oo independent of .

(3) Trivial overlaps: For all T,7" € Z,, either 7 = 7/, or Domain(7) and Domain(7’)
intersect in at most one point.

(4) Partitioning: | ¢z, Domain(r) = |, 5, Domain(r) for every n = no.

Lemma 3.12 (|Oki92, [Sch07c]). Suppose that X is a Hilbert space. If F = U;’o:no Fp 1S
a filtration, then

(3.8) Z B(r)? Diam(1) S(ayay, H' <Ure,%0 Image(r)) :
TEF
The exponent 2 in ([3.8)) is a consequence of the Pythagorean theorem or parallelogram
law in Hilbert space. With Lemma [3.12| in hand, the remainder of the proof of necessary
conditions in the Analyst’s Traveling Salesman Theorem in R" or /{5 is essentially metric,
with a strong harmonic analysis flavor. We outline these last steps in §3.3]

3.2. Okikiolu’s filtration lemma in uniformly convex spaces. We now develop an
analogue of Lemma in uniformly convex spaces by following the proof in ¢, from
[Sch07c] (which is based on [Oki92]) and replacing the parallelogram law in Hilbert space
with a suitable inequality in uniformly convex spaces from [DS21].

Definition 3.13. Let X be a Banach space. The modulus of convexity dx of X is the
function dx : [0,2] — [0, 1] defined by
(3.9) 0x(€) := inf {1

Definition 3.14. A Banach space is called uniformly convex if 6(¢) > 0 for all € € (0, 2].
In this case, we say that X is converity power type p € [2,00) if there exists ¢ > 0 such
that d(€) > ce? for all € € (0, 2].

|z +y

5 :|x|:|y|:1and|a:—y|ze}.

Remark 3.15 (essential facts). For general background on the modulus of convexity and
uniformly convex spaces, we again refer the reader to [Die75, Chapter Three] or [LT79,
Chapter 1, §e]. On any Banach space X, the modulus of convexity satisfies the inequality

(3.10) Ox(€) < dp,(€) =1 — /1 —€2/4.
Moreover, for all € € (0, 2],

(3.11) Sy (€) = inf{l -

[z + y

dle] <1, |yl <1, and |x—y|26};
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see e.g. [LT79, p. 60]. In addition,
5x(€1) < 5x(€2)

€1~ €

(3.12) for all 0 < ¢; < €9 < 2;

see e.g. [LT79, Lemma 1.e.8]. In contrast with the modulus of smoothness px (see §2.3), the
modulus of convexity dx is not necessarily a convex function. The dual X* of a uniformly
smooth Banach space X is uniformly convex and every uniformly convex Banach space is
reflexive.

Example 3.16. By Hanner’s inequalities [Han50], d.»(¢) = £(p — 1)€? + o(€?) when
1 <p<2; and drr(e) = p127Pe” + o(e?) when 2 < p < co. In particular, the LP spaces
are uniformly convex with power type max(2,p) when 1 < p < oo.

In [DS21], David and Schul observed that the modulus of convexity on a uniformly
smooth space of power type p can be used to control the triangle inequality excess from
below. Because of its centrality to the proof of , we include a proof of their estimate
here for reference. Actually, we provide a slightly stronger statement. There is a large
literature on related substitutes for the Pythagorean theorem and parallelogram law in
Banach spaces; see e.g. [BD72, Byn76, [CR15, (CMRI§].

Lemma 3.17 (see [DS21, Lemma 8.2]). Suppose X is a uniformly convexr Banach space.
If x,y,z € X, then

dist
(3.13) |z—y|+|y—z|—|z—2| > 2rdx (M) for all r > max{|z—y|, |y—z|}.

Proof. By (3.10), 0x(1) < 1— (v/3/2) < 1. Thus, in the degenerate case r = z, we have
2=yl + |y — 2| — & — 2] = 21 — y| > 26x(1) = Wx(dist(y, [, 2])/ max{lz — ], Jy — 2I})-
This establishes with r = max{|z —y|, |y — z|}; the general case follows from (3.12).
For the remainder of the proof, we assume that z # z.

If y € [z, 2], then holds trivially (both sides vanish). Thus, we may also assume
dist(y, [z, z]) > 0.

Because = # z, the function g(w) = |w — x|/|z — z| is continuous along |z, z] with
g(x) =0 and g(z) = 1. Hence there exists yo € [z, z| such that

v =zl e —yl+ly— 2]
Because yo € [z, z|, we have |z — yo| + [yo — 2| = |z — 2| and it follows that

lz =z |r—yl+ly -z
Rearranging , we see that

|z — 2|
yl+ly — 2|
by the triangle inequality. By a parallel argument, starting from , lyo — 2| < |y —z|.
Therefore, y,yo € B(z, |y — x|) N B(z, |y — z|).

|yo—fff!:|y—96|| < |y — x|
x_
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Now, let ¥ = (y +v0)/2 and h = |y — yo| = 2|y — ¢/|. Invoking (3.11]) on a scaled and
translated copy of B(z, |y — x|) and similarly on B(z, |y — z|), we obtain

/_ /_
|z —y ly — x| |z =y ly — 2|

Therefore, if [z —y| <r and |y — z| <,

z—yl+ly—zl—lze—z| 2|z —yl+|ly—z]— |z —y| -]z -V

h h
Z'x‘y'éx(u—m)+'Z‘y’5x<\z—yr)

> 2rox(h/r)

by (3.12)). Since yo € [z, z], we have dist(y, [z, z]) < |y — yo| = h and (3.13)) follows. O

Lemma 3.18 (filtration lemma, cf. Lemma [3.12)). Let X be a uniformly conver Banach
space of power type p € [2,00), say dx(€) > ce? for all e € (0,2]. If F = U,_,, Fn is a
filtration in the sense of Definition then

> B(r)" Diam(7) Sepajay, Y var(f,Domain(r)) — > H'(Edge(r))

(316) TEF TEFn, TEFn,
Sc,n(A/é),p H! (U‘refé‘no Image(T)) .

The implicit constant is of the form ¢ *(A/AP~1C(p,p) and blows up as either ¢ | 0 or

p 1 oo; see (B:23).

Proof. We mimic the proof of Lemma in [Sch07¢|, invoking Lemma at a critical
juncture to replace estimates depending on Hilbert space geometry. For every 7 € %,
and k € N, we let %, denote the kth generation descendants of 7,

(3.17) Frr i ={17 € F,1y : Domain(r") C Domain(7)}.

Also, for every 7 € .Z, define

(3.18) A(T) = Z | Start(7') — End(7)| | — | Start(7) — End(7)| € [0, 00).
T'eEF 1

We immediately see that for each n; > ny,

> |Start(r) —End(r)|+ > > A(r)= > |Start(r') — End(7)|

TETny n=ng T€EFn T'€Fny+1

< Z var(f, Domain(7)).

TEFn
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Thus, because | Start(7) — End(7)| = H'(Edge(7)) for each arc and f is essentially 2-to-1,
recalling ({3.2)), we obtain,

ZA(T) < Z var( f, Domain(7 Z H'(Edge(r

TES TEFn TEFn
(3.19)
Z /mT:c dH' (z )<2’H1<U€/ Image( ))
TEFn,

Next, for every 7 € %, we define the discretized edge distance d, by

(3.20) d;:= sup sup dist(z, Edge(7)).

T'eFr 1 x€Edge(r!)
In addition, for every arc 7 and k € N, choose an arc 7, € %, such that d,, is maximal
among all arcs in .#, ;. We also write 7o = 7. We claim that

o0

(3.21) B(r)Diam(r) <Y d,,.
k=0

To see this, choose an auxiliary sequence 7* E ﬁﬂg inductively so that 7° = 7 and

B(75+1) Diam(7%*1) is maximal over all arcs in %, ;. Then
B(r)Diam(r) = >~ (B(7*) Diam(r*) - 3(~*) Diam(r*1))
k=0

because the series is telescoping and absolutely convergent by our assumption that the
arcs have geometrically decaying diameters. Moreover,

B(7*) Diam(7*) — B(7**1) Diam(7"*1) < d.«

by the triangle inequality and definition of the sequence 7%. Hence

B(r) Diam(r <de<Zdi

by maximality of the distance d,, among all arcs in .%#, . This verifies
The proof up until this point is valid in any Banach space. To contlnue, We NOwW suppose
that dx is convexity power type p € [2,00), say dx(€) > ce? for all € € (0,2]. By Lemma
and the triangle inequality,
dP
(3.22) 2cWTT)p_1 < | Y [Start(r) — End(7')| | — |Start(r) — End(r)| = A(7)

7’6977,1

for any arc 7 € .Z. Now, by (3.21)) and Minkowski’s inequality for ¢,

5 0 5 o v 1/p
(Z B(r)P Diam(T)) < (Z (;Odm) Diam(7 p) Z (27 W) .

TEF TEF =0

-

1
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If e %, say e .%,, and k € N, then
Diam(7,) < Ap~ " = A p~Fp=" < (A/A) p* Diam(7).

Hence

|

k=0
Thus, by (8.22),

Si% "5 ((AJA)p ™) (ZAm>
k=0

(3.23) i . .
Z 119 A/A —k (Z A > P _ ) A/A (Z A )
k=0 TEF 11— ,0 Ea TEF

Therefore, combining (3.19) and (3.23), we obtain (3.16). O

Remark 3.19. The proof of Lemmaused the standing assumption that f : [0,1] — X
is essentially at most 2-to-1. Instead, if one starts with a parameterization f that is
essentially at most m-to-1 for some m > 1, then still holds, but with the implicit
constant in the second inequality multiplied by a factor m/2.

3.3. Filtration design: bounding sums of 35 (Q)? diam () from above. The following
decoration of a lemma by Schul is an essential tool for constructing filtrations from certain
families of arcs, which we think of as prefiltrations. Although originally stated in Hilbert
space, it is clear upon reading the proof that the lemma is valid in any metric space.
Unfortunately, the statement in [Sch07c| contains a mistake, claiming erroneously that
Diam(7) < Diam(7') implies 5(7) > B(7'), which is false (even in R?) by Example .
Also, Schul claims that one may transform a prefiltration into 2CJ or fewer filtrations
with J 2 1 when A =1 and p = 2, but after writing down the details it seems to us that
one must break apart the prefiltration into a larger number of families depending on A and
take J 24 1 in order to verify and . Thus, we supply a corrected statement
and detailed proof, whose outline is due to Schul. We defer the proof to Appendix [A]

Lemma 3.20 (prefiltration lemma, cf. [Sch07c, Lemma 3.13]). Let X be a metric space
and let f : [0,1] — X be a continuous parameterization of a set ¥ C X. Assume that
p>1,0<A<A<oo, and J > 1 is any integer such that p’ > 6A/A. Then for every
family F° =5, FL of arcs in X with FL # 0 satisfying

(1) bounded overlap: for every arc T € JO there exists no more than C arcs 7 € F
such that Domain(7) N Domain(7’) # () fm’ some constant C' independent of T,
(2) geometric diameters: for every arc T € .Z°, we have Ap~™ < Diam(1) < Ap™",

n’
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we can construct 5(A/A)CJ or fewer filtrations F' =) F', F2=)" F2

n=ni n=nsg n’) °° "

with starting index n; € {ng,no+1,...,n9+J — 1} for all j and
1 .
(3.24) 1 (Ap(“]’l)"j) p~’" < Diam(7) < 2 (Ap(‘]’””j) p~ ™ forallj, T € FI n>n,,

such that for every indexn > ng and arc 7' € F2, there exists F7 (in the list of filtrations),
an index N with n —n; = J(N —n;), and an arc 7 € F3; such that

(3.25) Domain(7") C Domain(7) and Diam(7) < 2Diam(7').
The assignment (n,7') — (F7, N, T) is injective.

Remark 3.21. In Lemma , we may allow an arc to appear in some % several times,
so long as the bounded overlap condition in the hypothesis is computed with multiplicity.
During preprocessing (see the proof), each instance of a repeated arc 7/ € #? will be
assigned to a different intermediate family 27 and their extensions 7 will land in different

filtrations .#%. We use this observation in the proofs of Lemmas and below.

Because the ¢, spaces are uniformly convex of power type max(2,p) when 1 < p < oo,
the necessary condition (|1.18)) in Theoremis an immediate consequence of the following
theorem.

Theorem 3.22 (necessary half of Schul’s theorem in uniformly convex Banach spaces).
Let X be a uniformly convex Banach space of power type p € [2,00). If ¥ C X is connected
and € is a (partial) multiresolution family for ¥ with inflation factor Ay > 1, then

(3.26) Sep() = diam S + Y Bo(Q)” diam Q Spsya, H'(D).
Qe

In the remainder of this section, we outline the proof of Theorem in detail. Because
(3.26)) is trivial when H!'(X) = oo, we may continue to assume that H*(X) < oo and work
with the essentially 2-to-1 Lipschitz parameterization f : [0,1] — 3 fixed above in §.
Also, because Y is connected, diamY < H!(X). Thus, the essential task is to bound
the beta number sum from above in terms of H!(X). To carry this out, we modify the
proof from [Sch07d, §3] with the correction noted in Remark below. Most of the
argument works in any Banach space and we make sure to explicitly state wherever we
need uniform convexity. We work with two classes of almost flat arcs and one class of
non-almost-flat arcs, which we call dominant arcs. Flatness is measured with respect to
a best approximating line for the image of the arc.

Definition 3.23. For any ball @) € J# and scaling factor A € {1,5,7}, let

. ~ [a,b] is a connected component of f~1(X N 2A\Q)
(3:27) AAQ) = {f’[a’b] ' such that AQ N f([a,b]) # 0 } '

The elements in A(AQ) are arcs in 2AQ) that touch AQ. Agree to write Sang)(2AQ) as
shorthand for BU{Image(T):TeA()\Q)}(2/\62)-
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An arc 7 € A(A\Q) is called *-almost flat if

_ dist(z, L)
.2 := inf — 2\
(3.28) B(1) in Zelﬁgﬁ(ﬂ Diam(r) = 50€268x(20) (2AQ),

where L ranges over all lines in X and 0 < €3 < 1 is a parameter, ultimately chosen to
depend on at most the inflation factor A, of J# (shortly after Lemma . Denote the
set of x-almost flat arcs in A(AQ) by S*(A\Q).

An arc 7 € A(AQ) is called almost flat if

(3.29) B(7) < e2fs(Q).

Denote the set of almost flat arcs in A(AQ) by S(AQ). An arc 7 € A(AQ)\ S(AQ) is called
dominant.

Remark 3.24. We have modified the definition of almost flat arcs from [Oki92, [Sch07d,
which instead required 5(7) < €265(Q). Note that the quantity 3(7) is nothing other than
the Jones’ beta number fimage(r)(Image(7)) of the image of 7 in its own window. By ,
it follows that Domain(7") C Domain(7) and Diam(7) < Diam(7’) imply 5(7) 2 5(7').
Further, it is apparent that 3(7) < B (1) for every arc. By using the Jones’ beta number
B(7) instead of the arc beta number 3 (1) wherever possible in the proof below, we avoid
the issue in Remark . We only work with /3 (1) in two spots, at the end of proofs of

Lemmas and |3.29, when we must invoke Lemma [3.18]

Remark 3.25. For every Q € 2 and A € {1,5,7}, S(AQ) C S*(AQ) C A(AQ) by (L.2).
Domains of distinct arcs in A(AQ) are disjoint, although the images of distinct arcs in
A(AQ) may coincide, because we do not require f be 1-to-1. If 7 € A(AQ) is the “only
arc” in A(AQ@) in the sense that the image of each arc in A(AQ) is contained in Image(T)
and By (Q) > 0, then 7 is dominant, since Diam(7) < diam 14Q) and e; < 1 imply

(330) BZ(Q) = ﬁlmage(’r)(Q) < 14&(7) < (1/62>ﬁ<7—)

One should think of the latter situation as being the infinitesimally generic case. Note
that almost flat arcs are defined relative to fx(Q) and x-almost flat arcs are defined
relative to Saxg)(2AQ). This is intentional. The choice of the scaling factors A € {1, 5, 7}
and definition of x-almost flat arcs are made to implement the proof of Lemma |3.29,
Lastly, we have defined A(AQ) as arcs in 2AQ) touching A\Q so that arcs 7 € A(AQ) have
uniformly large diameter: Diam(7) > AA 2% whenever Q = B(z, A»27%), z € X}, and

S\ 20Q # 0.

To proceed, we categorize the balls () in the multiresolution family .7 according the
behavior of the associated arcs A(Q) UA(5Q)UA(7Q). First, let 74 denote the collection
of all balls () € . such that
(3.31) fe(@Q) =0 or X C 140Q,

where A\Q) = B(x, \r) denotes the concentric dilate of the ball Q = B(z,r) by A > 0.
Next, we group ¢ \ 74 into three (overlapping) subfamilies 7, %4, and €, as follows.
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Let (Xi)rez denote the sequence of 2~ *-separated sets for ¥ that is used to define the
(partial) multiresolution family 7. For each k € Z, let A5, = {B(z,(1/3)27%) : 2 € X}}
denote the collection of net balls of level k. By the triangle inequality,

1
(3.32) gap(By, By) > gz—k for all By # B, in 44,

where the reader may recall that gap(S,T) = inf{dist(s,t) : s € S,t € T}. Suppose
Q = B(x, Ay27") for some k € Z and z € X},. Let A € {1,5,7}. We say that Q € 54 if

(3.33) there exists 7 € A(AQ) \ S(AQ) such that Image(7) N B(x, (1/3)27%) # 0.

That is, Q € " if there exists a dominant arc in A(AQ) that touches the net ball at
the center of Q. Otherwise, Q € £ and every arc in A(AQ) that passes through the
net ball at the center of @ is an almost flat arc in A(AQ); in this case, we assign @ to
either s or 47, depending on global geometry of the *-almost flat arcs in A(AQ).
Following a convention from [Sch07c] (see page 345), we write Bs-\g)(2AQ) as shorthand
for BUgimage(r)res+(2@)} (2AQ). Fix a constant 0 < ¢; < 1 depending on at most A, to be
specified below. We say that Q € 4 if

(3.34) Q¢ " and Bs-0)(20Q) > €18100) (20Q).
We say that Q € 2 if
(3.35) Q¢ " and Bsn0) (20Q) < €18r1)(2AQ).

When a ball Q € 4, Bs+(xg)(Q) dominates €16x10)(2AQ). By contrast, when a ball
Q € ), the x-almost flat arcs in A(AQ) are collectively much flatter inside of the window
2@ than the union of all of the arcs in A(AQ).

We now define

(3.36) A ={Q e\ Qe for \=1,A\=5,0r \=T},
(3.37) B ={QecH\:QcH for \=1or \ =5},
(3.38) C={QecH\HN: QcH for \=1and A\=5,and Q & "}

(We neither use 74" nor ".) Note that 2 \ 54 C o/ U % U%. While the family € is
disjoint from &7 U #, some balls in 7 \ .7 could belong to both </ and A.

Remark 3.26. Our classification of balls in the family 7 is slightly different than in
[Sch07c], but roughly speaking our 7, %, and € balls correspond to Schul’s 4, %, and
¢ balls. See Figure 4 on page 346 of [Sch07¢] for an illustration of the different families.
More specifically, our class 4 corresponds to Schul’s A; and A, ; balls. Schul also defines
A, balls in %, but our definition includes these in 7. We introduced the net balls to
consolidate the estimates for ¢4, and Ag 5 balls.

With the families 74, o7, A, and € now defined, the proof of Theorem [3.22] reduces
to establishing an estimate like (3.26)) for each category.
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Lemma 3.27 (counting). If X is an arbitrary Banach space, then for all s > 1,
(3.39) > Be(Q) diam(Q) S, AH! (D),
QEH
where the implicit constant blows up as s | 1.
Proof. Modify the proof of [Sch07c, Lemma 3.9]. Set D = diam X. Suppose that k € Z,
r € X, and Q = B(z,A»27%) € 2. If diam14Q = 284 ,27% < D, then ¥ ¢ 14Q.

Hence if Q € 5% and Bx(Q) > 0, then 284 ,27% > D. Thus, letting (k) denote all
Q € A of radius A 2%, we have

ko
Y Be(Q)diamQ <24, > > Be(Q) 27

Qe k=—o00 Qe (k)

where kj is the unique integer such that
28A 2~ kotl) « D < 984,270,

By considering any line passing through the ball’s center, we obtain the trivial bound
Bs(Q) < (diam X)/(diam Q) = D/2A 427 for all Q € (k). It follows that

ko

D Be(Q) diam @ < (24,) D7 Y 2 Vg (k).

QReHo k=—o0
As #70(k) = #X), < #X, for all k > ko, it suffices to bound #Xj,. We picked ky so
that 144 27" < D, which more than certainly implies (1/2)27% < D/2. In particular,
HYENU(z,(1/2)27%)) > (1/2)27% because z € 3, 3 is connected, and X is not trapped
inside the ball. By definition of a net, the open balls U(x, (1/2)27*) centered on points
xr € Xy, are pairwise disjoint. Ergo,

(1/2)27# X, < > H(ENU(x, (1/2)277)) < HY(E).

Z‘GXkO

Therefore, # X}, < 20TIHY(X) < 56A,,H(X)/D. Assembling all of the pieces, we have

ko
3 Bs(Q)" diam Q < 564, H! (2)(D/24,)°™ Y 25D

QeH k——o00
2k0(8—1) 145—1
=56A,H (X)(D/2A,.)" — < 56A,HY(D) —,
1— 21— 1—21-s
where in the final inequality we used once again that 2% < 284, /D. U

Lemma 3.28 (filtrations I). If X is uniformly convex of power type p € [2,00), then
(3.40) D Be(Q) diam Q Spsya e H'(D).

Qe
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Proof. Modify the proof of [Sch07c, Lemma 3.14]. We start with an auxiliary observation.
Let X be any Banach space. Suppose that £ is an arc of ¥ such that Image(¢) intersects N
net balls in A% We claim that if N is sufficiently large, then 3(¢) Diam(¢) > (1/18)27*.
To see this, choose points vy,...,vy € Image(€), one inside each net ball intersecting .
Then vy, ..., vy are § = (1/3)27% separated by . Suppose that L is a line such that
dist(v;, L) < (1/6)4 for all i. By Corollary [2.2| with s = 1, after reordering vy, ..., vy,

1 — 9

SN - 127F = (N =1)6 <Y |o; — vira| < (1+3/6)%|vy — vy| < -, Diam(¢),

i=1

whence N < 1 + (27/4) Diam(¢)/27%. Thus, if N > 1 + (27/4) Diam(¢)/27%, then
B(€) Diam(&) > infy sup; dist(v;, L) > (1/6)d = (1/18)27%. In particular, suppose that

(3.41) Diam(¢) < 284,,27% and N > 1904,
which guarantees N > 1+ 1894, = 1 + (27/4)28A.» > 1 + (27/4) Diam(§)/27*. Then
(3.42) B(€) > (1/18)27%/ Diam(&) > 1/504A .

Let @ € /. Then there exists k € Z, © € X, and A € {1,5,7} such that \QQ =
B(z,\A»27%) € . Thus, we may choose a dominant arc 7o € A(A\Q) \ S(AQ) such
that Image(vq) intersects the net ball B(z,(1/3)27%) and pick a point yo € Domain(vg)
such that f(yg) € B(z,(1/3)27%). Let Ng be the number of net balls R € .4} such
that R intersects Image(g). We know that Ny > 1, but if X is infinite-dimensional,
then Ng could be arbitrarily large. We now define an arc 7, according to one of two
alternatives. If Ng < [190A,], then we set 7, = 7 and have 3(75) > €0s(Q), since
7q is dominant. Otherwise, if Ny > [190A4 ], then we choose 7, to be any arc such that
Yo € Domain(7;) C Domain(vq) and Image(7) touches precisely [190A,] of the net
balls from .4} that intersect Image(vq); then 5(75) > 1/504A4 ., > (1/504A,,)B5(Q) by
the auxiliary observation from above. In both cases, the arc 7, satisfies yq € Domain(T(b),
B(70) A Be(Q), and 7, intersects no more than 1914 net balls in 4. Include an
instance of the arc 7/, in the set .%. (In the unlikely event that 77 = 7/, for some R # Q,
we treat .. as a multiset; see Remark [3.21])

We claim that the family #° = Uiozko F of arcs is a prefiltration (see Lemma ,
where kq is the smallest integer such that .7 contains a ball of radius A 2% . To see
this, first note that if 7, € %7, then

1
52*’“ < Diam(7(,) < 284,,27".

The upper bound follows since 7, is contained in 14Q). The lower bound holds, because
either 75, = 7 and Diam(yq) > \A #27% by Remark , or 7, touches at least 2 balls in
N, and is in effect. Next, let’s confirm that the arcs in .%) have uniformly bounded
overlap for each k. Fix k > ky and Té € Z?. Consider the set

Y = {yr : 7 € Z and Domain(7) N Domain(7},) # 0} C [0,1].
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Because each ygr belongs to the net ball at the center of R and (3.32) holds, there is a
bijection between Y and arcs 75 € % such that 75 and Tq intersect in their domains.
Let 74, 7 € # be the unique arcs such that ys = min Y and yr = max Y. Observe that

Y C Domain(7g) U Domain(7,) U Domain(7z),

because the latter set is an interval containing ys and yr. Hence #Y is bounded from
above by the number of net balls in .#; intersected by 74, 75, or 77.. Therefore, we know
7, intersects at most #Y < 31914, = 573A ¢ arcs 7, € 7.

Invoking Lemma with parameters p = 2, A = 284, A =1/3, C = 573A,,, and
J =1+ [logy(504A)] (so that 2/ > 6A/A), we can find O(A%, log(A)) filtrations

oo o o
7'=\Jz. 7=z 7= 7
k=k1 k=k> k=ks
with starting indices ky < k; < ko + J — 1 such that
1

EQ(J_l)ka_Jk < Diam(7) < 56 A 42 "Vki2=T%  for all 7 € F.

Note that the ratio of the upper and lower bounds for Diam(7) depends only on A ..
Moreover, for all 7, € ZP, there exists Z7 (in the list of filtrations), an index K with
k—k;=J(K —k;), and an arc 1o € .F}. such that

Domain(7,) C Domain(7) and Diam(7g) < 2 Diam(7p)).
The assignment (k,7;,) — (F7, K, 1) is injective. Now, for any 7/, € .7, we have

Bx(Q) Sa.ca Br) < 28(1q) < 28(1q),

where the first inequality holds by our choice of 7, the second inequality holds by ([1.2),
because Diam(7) < 2 Diam(7’), and the third inequality holds generally. Thus,

> Bs(Q)PdiamQ Spae, Y, B(7') Diam(r')

Qed T'eF0
<p Z Z B(7)?P Diam(7) < Z Z 7)P Diam(T).
Jj TEFI J TEFI

Up until this point, the proof is valid in any Banach space and for any 1 < p < oo.
Finally, if X is uniformly convex of power type p € [2,00), then by Lemma and the
bound on the total number of filtrations,

ZBE( )P diam Q Spoa e Z Z B )" Diam(7) Sp.ox, A seo %1(2)’
Qed J TEFI
This verifies ((3.40)). U

Lemma 3.29 (filtrations II). Assume that €, is sufficiently small depending only on Ay ;
€1 = 1/126 A will suffice. If X is uniformly convex of power type p € [2,00), then

(343) Z 62( p dlam@ <p (SX Ajf €2 Hl(Z)
Qe%
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Proof. Modify the proof of [Sch07c¢, Lemma 3.16]. We initially assume that X is any
Banach space. Let Q € €, say Q = B(zg, A»27") for some xg € Xj. Because

Bs+(0)(2Q) < e18a0)(2Q),
we have A(Q) \ S*(Q) # () provided that €; < 1. Choose any 7, € A(Q) \ S*(Q). Then

A_;fQik < Diam(Té) < 4A’%ﬂ27k and 5E<Q) < QﬁA(Q)(QQ) < %@ﬁ(Té))

by definition of A(Q) and S*(Q), respectively. Include an instance of 7, in the set .7y

We claim that the family .7° = J;Z, # of arcs is a prefiltration (see Lemma ,
where kj is the smallest integer such that € contains a ball of radius A 2. We already
noted that arcs in % have good bounds on their diameters. To check the bounded overlap
property, fix @ as above. Using fg-(50)(10Q) < €18450)(10Q) < € for balls Q € €, we
may choose a line Lg in X such that

(3.44)  dist(x, Lg) < (21/20)e; diam 10Q < 21e;A4,,27% forallz € | ] Image(r).
T7€S*(5Q)

Suppose that R € €, R = B(zp, Ax27") for some zp € X}, and 7 and 74 intersect in
their domains. Since 7, is contained in 2Q), 75 is contained in 2R, and the arcs intersect,
the triangle inequality yields zp € 4@ and zg € 4R. Hence R C 5@ and ) C 5R, as
well. Our strategy is to show that x is close to Lg relative to the scale 27 of separation
between points in X;. By , it suffices to exhibit an arc £g € S*(5Q) containing =g
and demand that €; be sufficiently small relative to A . To find g, first let yg € A(TR) be
any arc containing zz. Because zp lies in the net ball B(zg, (1/3)27%) and R ¢ (4 U),
we know that vg € S(TR), i.e. 5(7r) < €205(R). Choose &g to be a subarc of the arc g
such that xr € Image({r) and £r € A(5Q), which exists because xg € Image(vg) N4Q C
5@ and 10Q) C 14R. On the one hand, since zx € Image(¢r), zr € 4@Q), and the endpoints
of £ are contained in the boundary of 10Q, we have Diam(¢z) > 6A4,27%. On the
other hand, since Image(yr) C 14R, Diam(yr) < 28A4,27%. Thus, as 28/6 < 5 and
YNRCENSQ C U ensg Image(r),

(3.45) B(ER) < 5B(7r) < 5exfu(R) < 256285 (5Q) < 5062850 (10Q)

by three applications of ([1.2]) and the observation that g is almost flat. This computation
confirms that the arc {g belongs to S*(5Q). (In fact, this computation is the raison d’étre
for *-almost flat arcs!) By (3.44), it follows that dist(zg, Lg) < (1/6)27* provided that
€1 < 1/126A,,. For concreteness, we specify that ¢ = 1/126A4 . Let {x1,...,zx} be
an enumeration of the centers of balls R € ¢ of the same generation as () such that 7,
intersects 7(, in the domain. Each z; € 4Q and satisfies dist(x;, Lg) < (1/6)27%. By
Corollary [2.2] after reordering z1,. .., 2y, we have
N-1
(N =127 <Y o — wia| < (1+3/6)%|21 — an| < (9/4) -84,27F = 184,,27%.
i=1
We conclude that N <1+ 184, < 194 . Therefore, .Z° is a prefiltration.
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Invoking Lemma [3.20| with parameters p = 2, A = 4A 0, A = Ay, C = 194, and
J =5 (so that 27 > 6A/A), we can find O(A) filtrations

T,

(G

oo o0
7=z =7 7=
k=ky k=ka k
with starting indices ko < k; < ko + 4 such that

I
>

3

1 .
74 w2V DRi=IE < Diam(1) < 84,2V VRi2~Ik for all T € F.

Note that the ratio of the upper and lower bounds for Diam(7) is universal. Moreover, for
all 7/, € .7}, there exists .Z7 (in the list of filtrations), an index K with k—k; = J(K —k;),
and an arc 7 € 3. such that

Domain(7;,) C Domain(7) and Diam(7g) < 2 Diam(7p,)).
The assignment (k,7;,) — (F7, K, 1q) is injective. Now, for any 7, € %), we have that

B(Q) Se, B(Tég) < 2B(1q) < ZB(TQ)v

where the first inequality holds by our choice of 7, the second inequality holds by ([1.2),
because Diam(7) < 2Diam(7’), and the third inequality holds generally. Also, we have
diam @ ~ Diam(7g,) ~ Diam(7g). Thus,

> 5s(Q)PdiamQ S, Y A(r') Diam(7')

Qev T'eF0
<o D> Y B(r)PDiam(r) <> > B(r”) Diam(7).
Jj TEFI J TEFI

Up until this point, the proof is valid in any Banach space and for any 1 < p < oo.
Finally, if X is uniformly convex of power type p € [2,00), then by Lemma and the
bound on the total number of filtrations,

> Be(QF diam Q Spey Y Y B(T)P Diam(7) Sy H(E).
QE? J TEFI

This verifies (3.43)). U

Theorem 3.30 (geometric martingales). Assume that ey is sufficiently small depending
only on Ay and €1; the value eo = 27%¢; /A 5 will suffice. If X is any Banach space, then
for all ¢ > 0,

(3.46) > (@) diam Q Sya e H'(E),
Qe#

where the implicit constant blows up as q | 0.

Note the arbitrary power ¢ in ! This indicates that ) € £ (imagine @ is centered
at the intersection of two or more crossing line segments) occurs relatively infrequently.
This result is universal insofar as it is valid in an arbitrary Banach space! We defer the
(rather long) proof of Theorem to the sequel [BM22].



40 MATTHEW BADGER AND SEAN MCCURDY

Putting it all together, on a uniformly convex space of power type p € [2,00), choose
parameters 0 < €; < 1 and 0 < €5 < 1 with ¢ ~ A;; and ey ~ A;; so that Lemmam
and Theorem [3.30] are valid. Then

> Bu(@QFdiamQ < T+ 1T+ 11T+ 1V Spspa, HY(E),

Qe
where
I:= Z Fx(Q)P diam Q < Z Bs(Q)*diam Q <a,, H'(D) by Lemma [3.27]
Qe Qe
IT:= > Bo(Q) diam Q Spsyape H'(E) by Lemma 328
Qe
IIT:=Y Bs(QPdiamQ < > fs(Q)’ diam @ Sa e, H'(X) by Theorem B30,
Qe# Qc#
and [V := Z Bs(Q)P diam Q <,5,.4,,., H'(X) by Lemma[3:29]
Qe%

This completes the proof of Theorem |3.22

4. ANALYST’S TSP IN FINITE-DIMENSIONAL BANACH SPACES

In this section, we record some additional observations about the Analyst’s TSP in
arbitrary finite-dimensional Banach spaces. It is well known that diameter, distance of a
point to a set, and Hausdorff measures are bi-Lipschitz metric invariants in the sense that
if f:X — Y is a C-bi-Lipschitz map between metric spaces X and Y, then each of the
quantities in the source and target spaces are quantitatively equivalent with multiplicative
constants determined by C'. As a consequence, the Jones’ beta numbers in a normed vector
space are bi-Lipschitz invariant in the following sense.

Lemma 4.1 (Bi-Lipschitz equivalence of Jones’ beta numbers). Let V' be a vector space
and let | - |x and | - |y be equivalent norms on V', say for some constant 1 < C < oo that
Clzlx < |z|ly < Clz|x for all z € V. Let Brpx(Q) and Bey(Q) denote the Jones’ beta
numbers in X = (V,|-|x) and Y = (V,| - |v), respectively. That is, for all nonempty sets
E C V and positive diameter sets Q C V with ENQ # 0,

, distx(z, L) , disty(z, L)
=inf sup ————= and =inf sup ———=,
Srx(@) = inf swp S Fp:e(Q) = inf sup “ s

where L runs over all lines in V. Then C?Bpx(Q) < Bry(Q) < C*Brx(Q) for all
admissible E and Q).

Proof. Let E C V be nonempty and let Q C V have positive diameter. By convention,
Bex(Q) = Pey(Q) =0if ENQ = 0; in this case, the conclusion is trivial. Thus, we may
assume that FNQ # (). By equivalence of the norms, diamgx @ = sup{|z —y|x : 2,y € Q}
and diamy @ = sup{|z — y|y : z,y € Q} are also equivalent:

(4.1) C~!diamy Q < diamy Q < C diamx Q.
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Similarly, for any nonempty set S C V and x € V, distx(x, S) = inf{|z — s|x : s € S} and
disty(z, S) = inf{|x — s|y : s € S} are equivalent:

(4.2) C~distx(z, S) < disty(z, S) < Cdistx(z, S).

The set of all lines (i.e. 1-dimensional affine subspaces) in V' is independent of a choice of

norm. Fix a line L in V. By definition of 8gx(@), (4.1), and (4.2)),

distx(z, L) 9 disty(z, L)
< —— 2 < —_— .
Pex(Q) < xgggcg diamx ) zgng diamy L

Taking the infimum over all possible lines, we obtain S x(Q) < C*Bry(Q). Interchanging
the roles of X and Y yields 8ry(Q) < C?Brx(Q). O

A basic fact in functional analysis is that every pair of finite-dimensional normed vector
spaces of the same dimension have equivalent norms. Therefore, the original formulation
of the Analyst’s Traveling Salesman Theorem due to Jones [Jon90] (dimV = 2) and
Okikiolu [Oki92] (dim V' > 3) persists in any finite-dimensional vector space.

Theorem 4.2 (Jones’ and Okikiolu’s theorems in finite-dimensional spaces). Let X be a
finite-dimensional Banach space with dimX > 2, let A(X) be a system of dyadic cubes
with respect to some set of coordinates on X, and let E C X. Then E is contained in a
rectifiable curve if and only if

(4.3) Sp(X)i=diamE+ ) Bp(3Q)’diam Q < o,
QEA(X)

where 3Q) denotes the concentric dilate of the cube Q with scaling factor 3 and Fr(3Q)
denotes the Jones’ beta number with respect to X. More precisely, if Sg(X) < oo, then E
15 contained in a curve I' in X with

(4.4) H' (D) Sxam).dimx Sp(X).
If ¥ € X is a connected set, then
(4.5) S5(X) Sxam)dimx H' (D).

The constant 3 in (4.3|) can be replaced with any constant A > 1. Then (4.4)) and (4.5) hold
with implicit constants depending on the norm of X, A(X) (i.e. a choice of coordinates),

dimX, and A.

Proof. Suppose that dim X = n. After fixing coordinates on X, we may identify X with
R™ and identify A(X) with A(R"). Then (X,|-]) = (R™,|-]) and (R™,|-|2) are bi-Lipschitz
equivalent, where | - | denotes the standard Euclidean norm. (The bi-Lipschitz constant
depends on the norm | - | and on the choice of coordinates for X.) Each of the quantities
diam E, Bg(3Q), and H'(T') defined relative to | - | are bi-Lipschitz equivalent to the
respective quantities defined relative to | - |o. Thus, rectifiability of a curve I' containing
E is independent of the choice of norm (although the length of I' depends on the norm)
and the theorem follows immediately from Theorem [I.2] 0
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Example 4.3. Given linearly independent vectors ¥ and @ in R?, let A(¢, @) denote the
system of dyadic parallelograms corresponding to the lattice generated by ¢ and w; e.g.,
P={sv+tw:0<s,t<1}and P = {st+tw:0 < s,t <1/2} belong to A(7, ) and
P’ is one of four children of P. A bounded set £ C R? is contained in a rectifiable curve
if and only if
Z BE(3P)*diam P < oo.
PEA(5,m)

To see this, note that every P € A(¥,w) is a dyadic square in R? with respect to the
coordinates induced by ¢ and @ and apply Theorem [4.2]

In a finite-dimensional Banach space, the Analyst’s Traveling Salesman Theorem can
be formulated using cubes, as in Theorems and [4.2] and using multiresolution families,
as in Theorems [1.6] and [1.7} It is always possible to pass between one and the other,
at the expense of growing implicit constants. For a more general formulation of this
principle, see [Bis22, Appendix B].

Lemma 4.4. Let X be a finite-dimensional Banach space with dimX > 2, let A(X) be a
system of dyadic cubes with respect to some set of coordinates on X, let a > 1 be a scaling
factor for cubes, let E C X, and let 4 be a multiresolution family for E with inflation
factor Ay > 1. For all 0 < p < o0,

(4.6) Z Br(aQ)? diam Q = 4 Ay dimx Z Br(B)P diam B.

QReA(X) Bey

Proof. The key point is that any bounded set in X is contained in some dilate a@) of a
cube @ € A(X) with comparable diameters. As long as the bounded set intersects F,
that set is also contained in some ball B € ¢ with comparable diameters. We will use
this in conjunction with monotonicity of Jones’ beta numbers and volume doubling in
finite-dimensional spaces.

To normalize scales, let D = diam @y for any choice of Qg € A(X). Fix Q € A(X),
say with diam Q = D277 for some j € Z. Fix k € Z to be determined. If aQ N E = 0,
then Sp(a@)) = 0, so the cube @ is irrelevant to the sum on the left hand side of .
Suppose that aQ N E # 0 and fix any z € aQ N E. Choose x € X, (the 2 %-net appearing
in the definition of ¢) such that |z — 2| < 27% and set B = B(z, A427%) € 4. Then for

any y € a@,
ly — 2| < |y — 2| + |z — 2| < diamaQ + 27" = aD277 +27%F < A,27F

and a@Q C B provided that aD277 < (Ay — 1)27%. We now specify that k is the unique
integer such that

(4.7) (Ay —1)27¢+D <« D277 < (Ay — 1)27F,

As noted, this ensures that a() C B. Furthermore,

4 A,
diam a@) < diam B < 24427F < T 7

diam a@).
g — 1
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Thus, Br(aQ) Sa, Be(B) by (1.2). Now, by volume doubling, the sets of the form aR,
where R € A(X) is a dyadic cube of the same generation as ), have bounded overlap
determined by a and dim X. Also, by , each k € Z is associated to an unique j € Z.
(This is a simple expression of the fact that 2 *-nets and dyadic cubes have the same
scaling ratios.) All together, we conclude that

Z Br(aQ)’ diam Q Sp.a a4 dimx Z Br(B)P diam B.

QReA(X) BeY

The reverse inequality holds by similar considerations. O

5. SHARPNESS OF THE EXPONENTS VIA EXAMPLES

Our goal in this section is to verify the sharpness of the exponents on beta numbers
in Theorems and [I.7. To do so, we build Koch-snowflake-like curves T, for which
we can estimate beta number sums over arbitrary multiresolution families. This type of
construction is not new, see e.g. [BJ94, [Roh01l, BNV19, [ENV19] for motivating examples,
but the details are subtle.

The organization is as follows. In §, we verify sharpness of the exponent 2 in (|1.17)
when 2 < p < oo and in ([1.18]) when 1 < p < 2 by building curves in the Euclidean plane.
In , we verify sharpness of the exponent p in ((1.17)) when 1 < p < 2 and in ([1.18])
when 2 < p < oo by building curves in infinite-dimensional Banach spaces. Finally, in
5.3, we carry out additional estimates to record a proof of Proposition 1.1}

5.1. Examples with critical exponent 2. The main results of this subsection are the
following two propositions. Recall that £} denotes (R", |- ;).

Proposition 5.1. There exists a curve I' in (3 such that H'(T') = oo and Sra4.(9) < oo
for every multiresolution family & for I' and every e > 0. In particular, the exponent 2
i (1.17) when 2 < p < oo is sharp.

Proposition 5.2. There exists a curve I' in (3 such that H'(T') < oo and Sra-(9) = oo

for every multiresolution family 4 for I and every e > 0. In particular, the exponent 2
in (1.18)) when 1 < p <2 is sharp.

Sharpness of the exponent 2 in ((1.17)) when 2 < p < oo and in when 1 < p <2
follows from the case p = 2, because £, contains a subspace isomorphic to Ef,, which in turn
is bi-Lipschitz equivalent to /2. (Use Lemmas and to pass between multiscale sums
of beta numbers in 612) and (2. In particular, one may use a fixed system of dyadic squares
as an intermediary between multiresolution families for T' in ¢2 and in ¢3.) Therefore, in
this section, we focus on £2 = R?, the standard Euclidean plane. We wish to emphasize
that in both statements the curve is independent of e. We build the curves using the
following procedure.
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FIGURE 4. The snowflake map 7, displayed with |¢] =1, n = 1/4, and s = 5/16.

Algorithm 5.3 (snowflake-like curves in R?). Suppose that p,¢ € R? and v : [a, b] — R?
is a constant speed parameterization of I = [p) q] from v(a) = p'to v(b) = ¢. That is,

Y(t) =P+ ﬁ((j—ﬁ) for all t € [a,b].

Write ¢ := ¢—p'and let ¢ € R? denote the unique unit vector with 4 L ¥ such that i points
to the left of the oriented line segment from p'to ¢. Given a relative height 0 < n < 1/4/12,
we define a piecewise linear path 4 : [a, b] — R?, as follows. Set s :=1/4+n* € [1/4,1/3].
Divide [a, b] into quarters. For all a <t < (3/4)a + (1/4)b,

A1) = <Z:Z) 57
(see Figure {]). For all (3/4)a+ (1/4)b <t < (1/2)a + (1/2)b,

t
3(0) = o oo o (BRI (0 - g alat),

For all (1/2)a + (1/2)b <t < (1/4)a + (3/4)b,

(0 =+ 127+ itg + 4 (PG (@2 - sy - i)

Finally, for all (1/4)a + (3/4)b <t <,

=~

+

a7l

A(t) = 5+ (1— 5)+ 4 (t — /) <3/4)b) 7.

b—a

We say that 4 is obtained from ~ by adding a bump of relative height n (on the left side).
On each quarter of [a,b], 4(t) traces a line segment of length s|U| at constant speed.
Thus, 4 has Lipschitz constant 4s|v]/(b—a) = (1+4n*)|0|/(b— a). Additionally, we have
17 = Al = [7((a +0)/2) = A((a +b)/2)| = n|v].

Starting from the arc length parameterization o : [0,1] — R? of the line segment
Iy = [0,&] from ~,(0) = 0 to (1) = &, we now define a sequence of piecewise linear
maps 7; : [0,1] — R? by iteratively adding bumps of relative height n;. Suppose that ;
has been defined for some ¢ > 0 so that ~;

J., 1s a constant speed parameterization of a
line segment on each interval J; ; = [a; x, b; k] of the form

(k—1)

Ji,k = |a+ 4z

k .
(b—a),a%—z(b—a) (1<k<4 keZ).
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For each index 1 < k < 4¢, . = ﬂ]\k by adding a bump of relative height
7i+1- This defines a map ;1. By induction, we obtain the full sequence g, v1,72, - - -;
the image of each map ~, is composed of 4" line segments of length r, := (Lip~,)4~".
Evidently, for all n =0,1,2, ...

(5.1) Lip(yn) = [ [ (1 +4n?) < (4/3)",
=1

(52) Tn+1 < ( / )Tna

(5.3) V0 = Yntilloo < Mnsarn < 37" Myr <37

Therefore, 7 : [0,1] — R? which is defined pointwise by

(5.4) )+ Z (Y1 (t) — () for all ¢t € [0, 1],

is continuous as the uniform limit of the maps =, by (5.3). We denote ([0, 1]) by ', and
for each n, we denote v,([0, 1]) by I',. For all integers n,k > 0 with 0 < k < 4", we call
the point v, (k/4") a vertex of T',,.

Remark 5.4 (modulus of continuity). In fact, and imply that the maps -,
and 7 are uniformly log,(3)-Holder continuous (see e.g. [BNVI9, Appendix B]). This is
the optimal modulus of continuity of the von Koch snowflake curve, which corresponds
to the choice of relative heights 1, = 1/4/12 for all n. Furthermore, if >°° 72 < oo,
then implies that v,, and v are uniformly Lipschitz with Lipschitz constant at most

HZO:1(1 + 477721) = eXP(ZZO:l 77721)

Remark 5.5 (vertices). For each integer n > 0, let V;, denote the set of vertices in I,
and let V,, .=V}, \ V,,_1 denote the set of “new vertices” in I',, with the convention that
Vo = V. For later use, we observe that

(5.5) VoCcVicVaC---,
(5.6) V,=VoUWVU---UV,,;UV,  (VinV; =0 when i # j),
(5.7) H#Vo =2, #V,=3-4"""(n>1), #V,=1+4"

Remark 5.6 (injectivity). The restriction 17; < 1v/12 on the relative heights ensures
that the parameterization v of I' constructed by Algorithm is injective. This can be
shown by a geometric argument similar to the proof that the standard von Koch snowflake
curve is the attractor of an iterated function system that satisfies the open set condition
(i.e. draw equilateral triangles on the left side of each segment in I',)). We leave details
to the dedicated reader. For other models of generalized von Koch curves, the question
of injectivity of a parameterization is quite subtle, see e.g. [KP10].
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Lemma 5.7. If T is constructed by Algorithm[5.5, then

(5.8) exp (3'33 P 77721) <H!() = H(l + i) <exp (430,77

n=1
In particular, T is a rectifiable curve if and only if > o7 n2 < co. Moreover, in that case,
T is Ahlfors reqular with constants depending only on H(T).

Proof. The one-dimensional Hausdorff measure H! enjoys the bound H'(K) > diam K
for every connected set K C R? (see e.g. [AO17, Lemma 2.11]). Thus, for each n > 1,

HT) = S H (([(k = DA k) > S diamy([(k — 1)47", k47)

4m n

4n n
> > diamy(((k = D47 k7)) = > T[4+ 07) = [T+ 4n),
k=1 k=1 i=1 i=1
where the initial equality holds by Remark . Hence H'(I') > [1°2,(1+4n?2). Conversely,

HYT) < Lipy <T[,Z,(1+4n2). Therefore,

HY(T) = H(l +4n2) = exp ( log(1 + 47]2)) .
n=1 n=1
Finally, since 0 < 4n? < 1/3, we may use Taylor’s theorem to bound log(1 + 4n?) < 4n?
and log(1 + 4n7) > 4n; — 5(4n7)* > (10/3)n;.
Suppose that H!(T") < co. By (6.2), (5.3), and the bound 1, < 1/4/12 for all n > 1,

n o < p1r < ——= T'n < —7y B_k = —1r, < 0457'”
[ ]an“ ; m,; S % .

Thus, given x € I" and n > 1, we may pick y € T, such that |z — y| < (v/3/4)r,. Next,
let v € V,, be an endpoint of the segment in I';, containing y that is closest to y so that
lv —y| < (1/2)r,. Hence B(x,0.05r,) C B(v,r,) and we may use (5.8)) to estimate

(5.9) HYT N B(z,0.05r,)) < H (T N B(v,r,)) < 2exp (Z 477?) o < 2551 (D),

because I',, N B(v,r,) consists of one or two line segments of length r,. From (5.9)), one
casily deduces that H'(P'NB(x, 7)) ~p () 7 for every z € T'and every 0 < r < 1 = diamT".

Therefore, ' is Ahlfors regular with constants depending only on H!(T). O
Lemma 5.8. Assume that " is constructed by Algorithm[5.3. For alli >0 and j > i,
3 -
(5.10) %m < Br,(B(v,r;)) <2 for allv €V,
where ‘7; denote the “new vertices” in I'; (see Remark and nyg = 0. Furthermore,
3 - -
(5.11) im < Br(B(v,13)) foralli>0 andv € V;.

4
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Proof. Note that when v € V, is an endpoint of I';, the set I'; N B(v, ;) is a line segment.
Thus, Br,(B(v,r;)) = 0 for all v € Vo and j > 0. Next, suppose that i > 1 and v € V;.
Using the line containing the segment in I';_; N B(v, ;) to approximate the beta number,
we obtain the estimate

T
BFi(B(Uarz)) < 2(411 +77i2) < 2.
When j > i, the set I'; N B(v, ;) agrees up to a dilation centered at v with I'; N B(v, ;).
Thus, Br;(B(v,7;)) < 2n; for all v € V; and j > i, as well.

To establish the lower bound, one can use symmetry to find the best fitting line for
each of the two triangles formed by consecutive segments of side length s in Figure [4]
The best fitting lines are parallel to the third side of each triangle and the altitudes of
the triangles are n and v/sn = (1 + n*)/?. It follows that for all v € Vi and j > i,

L1y 2)irzy, i 3
Br;(B(v,r;)) = Bry(B(v, 1)) > 2(;(%27)7% L i +7777¢2)1/2 > \/T_m,
since 1; < 1/4/12. Finally, because I' N B(v, ;) contains the vertices a, b, ¢ of one of the
two triangles, we find that Br(B(v,7:)) > Brape (B(v,1:)) > (vV3/4)n;, as well. O

5.1.1. Proof of Proposition . Build I" using Algorithm with relative heights 4n? :=
1/(i + 15)log(i + 15) for all # > 1. See Remark below for an explanation of the
logarithmic factor in the relative heights. Note that n;.; < n; < 1/8 for all 7. Because
>, n? = oo, we have H!(I') = oo by Lemmal[5.7 To proceed, let (Xj)rez be any family
of nested 2 %-nets for I', and let ¥ = {B(x, A27%) : 2 € X}, k € Z} be the associated
multiresolution family with inflation factor A > 1. Since I' is bounded, to prove that

Sta+e(¥) < oo, it suffices to show that (cf. Lemma [3.27))
Srare(9') = Z 5F(B)2+6 diam B < oo,
Bev’

where ¢’ is the subfamily of all balls starting from some initial generation k.
Recall that each intermediate curve I, consists of 4" line segments of length

r, =47 H(l +4n?) =4 "exp (Z log(1 + 477?)) :

i=1 i=1
By Taylor’s theorem, we have
1
4n? — 5(47712)2 <log(1+4n?) < 4n? foralli>1.
Combined with the elementary bounds

n

1 n+15 1
< d
2 (i + 15) log(i + 15) — 161og(16) +/16 zlog(z)

=1

1
<1g + log(log(n + 15))
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and

n

1 1

n+16 1 1
2 - dx > log(l 16)) — 1.2
= /16 (:clog(x) 272 log(x)Q) x og( Og(n + ))
we obtain the rough estimate (for the record, 0.3 < e and e'/16 < 1.1):

(5.12) 0.3log(n+16)4™" < r, < 1.1log(n + 15)4™" for all n > 1.

To continue, let k > ko (with kg sufficiently large depending on A to be specified below)
and let x € Xj. Our immediate goal is to estimate Sr(B(x, A27%)) from above in terms of
Br,, (B(v,1,,)) for some suitably chosen generation m = m(A, k) > 1 and vertex v € I',,,.
Write ¢ := log, A > 0 so that A27% = 4~(3k=¢) We now require %k‘o —c¢ > 3, which ensures

A27% <473 < 0.031og(16)4™".

Since k > kg, there exists a unique integer m > 1 with

(5.13) 0.03log(m 4 16)4=™*) < A27% < 0.031log(m + 15)4™™
By (5.12)), it follows that
1
14 o < AR < —
(5.14) Tm S <1"

Next, by @ , and fact that 7,41 <n; < 1/8 for all i,

”’ym 7”00 < Z 773+17°] S TIm+1 Z T'm+l < Nm+1Tm Z 3~ k 3/2)77m+1rm (3/16)7%1

j=m = =

In particular, we can find y € T, with |z — y| < (3/16)r,, and then choose a vertex v in
I, such that |y —v| < (1/2)r, (i.e. v is an endpoint of the segment containing y). Since
13 13
10 16 2 4’

B(x, A27%) C B(v, (3/4)ry,). Invoking the bound [|7 — Ym|leo < (3/2)0ms17m < (3/16)7,,

again, we conclude that
E = excess(I'N B(x, A27%), T, N B(v, 7)) < (3/2)0ms17m,

where excess(S,T) = sup,cginfer |s — t| denotes the excess of S over T. Hence

(515)  Ge(Blr,A2) € s S B (Bv, 1) S s + i, (B(v, )

by the triangle inequality and ( - Note that by Lemma ,

(5.16) D1 + B, (B, 7)) < st + 20;  when v € V; C Vp,

where 79 = 0. In particular, Sp(B(z, A27%)) < 9y when v € ‘70 and Br(B(x, A27%)) <,
when v € V; for some 1 <7 <m.
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Next, we bound the number of times a scale m and vertex v € V,, are associated to
a point z € Xj. On one hand, #X;, N B(v,r,) S A? for each vertex v € V;, by (5.14),
since X}, is 27 *-separated and our construction takes place in R?. (We could remove the
dimension dependence by using Lemma , but do not require a sharp upper bound.)
On the other hand, the scale m associated to k > kg satisfies

0.03log(m + 16)4~ "D < 4=+ < 0.031og(m + 15)4™™
where ¢ = log, A. Taking logarithms and rearranging, we have
2(m + ¢ —log,(0.03log(m + 15))) < k < 2(m + 1 + ¢ — log,(0.03log(m + 16))).
Thus, the number of integers k associated to a given integer m is at most
2(m 4+ 14 ¢ — log,(0.03log(m + 16))) — 2(m + ¢ — log,(0.03log(m + 15))) < 2.

To finish, fix a parameter ¢ > 0. In view the previous paragraph, (5.13)), and (5.15)), we
see that

Srare(9) = i 2A27F Z Br(B(x, A27F))*te

(517) k:kooo zeXy
Sae > log(m+15)4"" >~ (g1 + Br,, (B(v, 7)) >
m=1 vEV

Decomposing V,, = Vo U+ -- UV, (see Remark [5.5) and invoking (5.16)),

(518) D (Mng1 + Br,, (B(v, 1)) < Znﬁfﬁ+22n2+e< Ly 4,
=1

VEVim, veV) =1 4ey;

Combining the previous two displayed equations, it follows that

(5.19) Sto1e(9") Sac Zlog (m + 15)4~ m—i—Zlog (m +15)4~ mZzﬂ Lpte.

ml ml =1
g vy
~~ -~
I

11

It is apparent that I < 1. To bound /7, exchange the order of summation:

H:Zéf 1 2+fZlog (m + 15)4~ m<Z4Z I +elog(i + 15)47"

(5.20)
1

1+5e€
<M 15)n7te ] 15) <. 1.
ZOgH ZOgH < (+15)10g(i—|—15)> ~

We conclude that Sroic(¥4’) Sa.e 1. Therefore, by our initial discussion, Sro4(¥) < oo
for every ¢ > 0 and every multiresolution family ¢ for I'. This completes the proof of
Proposition [5.1}.




50 MATTHEW BADGER AND SEAN MCCURDY

Remark 5.9 (importance of the logarithmic factor). Seeking out examples verifying the
sharpness of , it is natural to first look at snowflake curves I' built with relative
heights n? ~ 1/i. By carrying out the outline above with relative heights 4n? = 6/(i + i)
with parameters 6 > 0 and ig > 1, one obtains

o'} 1 1+%e
~ ;(HZO) (4(z'+e'o)) ’

where the latter expression is finite precisely when ¢ < (1/2)e. Thus, for every e > 0,
we could build a curve T', with H'(T.) = oo and Sr,2.(¥) < oo by selecting § = 4(e)
sufficiently small. The logarithmic correction used in the proof of Proposition [5.1] allows
us to find a single curve T' such that H'(T') = co and Sr24.(¥4) < oo for all € > 0.

5.1.2. Proof of Proposition [5.4 Construct I' using Algorithm with relative heights
4n? = 1/(i + 2)log(i + 2)% for all i > 1. Then ;1 < n; < 1//12 for all 4 > 1 and

[ee] o0 1
5.21 4n? = - —=1.069... < 0.
o2 2= 2 gy x

Hence H'(I') < exp(}_i2, 4n?) < exp(1.07) < 3 by Lemma[5.7 Similarly, we have that
the intermediate curves I',, consist of 4™ segments of length 7,,, where

(5.22) 4™ < r, <exp (Z 417?) 4™ <3-47" foralln>1.

=1

Let (Xj)rez be an arbitrary family of nested 27*-nets for T', let A > 1, and let ¥ =
{B(z, A27%) : x € X}, k € Z} be the associated multiresolution family for I'. We wish to
show that Spo_ (') = oo for all € > 0. By Lemmal[p.7, T is Ahlfors regular with constants
determined by H!(T'). In particular, we know that

# X, ~ 28 for every k > 0.
Thus, writing 8(k) := inf,cx, Br(B(z, A27)), we have

(5.23) Sta—e(@) > Y Y Br(Bla, A27)*72427F 20 Y " B(k)*.
k=k1 z€X} k=k;

To proceed, we will bound S(k) from below in terms of 7, for sufficiently large k.
Choose ky sufficiently large such that A27% < 6. Suppose that k > ky. Let m(k) > 1
be the unique integer such that 6-4=™ < A27% < 6.4~ By (5.22)), we have

(5.24) oy < A27TF <

Given z € Xj, choose v € V,, such that |z — v| < r,, (cf. proof of Lemma [5.7). Then
B(v,ry,) C B(z,2r,,) C B(z, A27%). Hence

Br(Ble, A27)) 2 5 Br(B(v,1)) 2
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by Lemma . As © € X}, was arbitrary, 8(k) Z 1. Now, m < 3k + log,(6/A4) + 1.
Choose k; > ko sufficiently large such that log,(6/A) 4+ 3 < 3k;. Then, for every k > k,
we have m + 2 < k and
1 1
B> > > ,
Bk) 2 2 G ) P log(m £2) ~ K7 Tog (k)

Therefore, for every € > 0,

Sra-e(¥) Za Z Bk)* ™ Za Z k2 Mog(k)? = .

k=k1 k=k1

This completes the proof of Proposition [5.2]

5.2. Examples with critical exponent p # 2. To complete the proof of Theorems
and we return to the infinite-dimensional setting. Our goal is to establish:

Proposition 5.10. For all 1 < p < oo, there is a curve I in £, such that H'(I") = oo and
Stpt+e(9) < oo for every multiresolution family 4 for I' and every e > 0. In particular,
the exponent p in (1.17) when 1 < p < 2 s sharp.

Proposition 5.11. For all 1 < p < oo, there is a curve T in £, such that H'(T') < oo and
St p—e(¥4) = oo for every multiresolution family & for I' and every e > 0. In particular,
the exponent p in (1.18) when 2 < p < oo is sharp.

We construct the curves in both propositions using the following algorithm, which is
inspired by examples of Edelen, Naber, and Valtorta [ENV19, §5.2] in L?(]0, 1]). The key
point is that because we are working in an infinite dimensional space, we may build each
intermediate iteration of the snowflake by adding bumps in a new coordinate direction.

Algorithm 5.12 (snowflake-like curves in £, with bumps along coordinate directions).
Let {e;}2, denote the standard basis in ¢,, i.e. ¢;(j) = d;;. Suppose z,y € span{es, ..., ey}

and v : [a,b] — span{ey,..., e } = €} is a constant speed parameterization of I = [z, y]
from v(a) = z to y(b) = y. That is,
t —
v(t) =z + b—a(y —z) forallt € [a,b].
—a

Write v := y — z. Given a relative height 0 < n < 1/2, we define a piecewise linear path
4 : |a,b] — span{eq, ..., ex1} = E’;“, as follows. Define s € [1/4,1/2) to be the unique
solution of s? = (£ — s)? +nP. Divide [a, b] into quarters. For all a <t < (3/4)a + (1/4)b,

At) =z +4 (Z:Z) sv
(cf. Algorithm [5.3]). For all (3/4)a + (1/4)b <t < (1/2)a+ (1/2)b,

At) =z +sv+4 (t — (3/i>i; (1/4)b) ((1/2 = s)v + njv|perir).
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For all (1/2)a+ (1/2)b <t < (1/4)a + (3/4)b,

30 = o+ 1720 +alefenss +4 (Y (07— g0 ploens)

Finally, for all (1/4)a + (3/4)b <t <,

5(t) = 2 + (1 — s)v +4 (t — (1/4)a - <3/4>b) .

b—a

We say that 4 is obtained from ~+ by adding a bump of relative height n in the direction
ex+1. On each quarter of [a, b, (t) traces a line segment in ¢, of length s|v|, at constant
speed. Thus, 4 has Lipschitz constant 4s|v|,/(b — a). Additionally, we have ||y — 4|l =
[v((a +0)/2) = A((a+b)/2)], = nlvp.

Starting from the arc length parameterization 7y : [0, 1] — span{e; } of the line segment
Iy = [0, €] from 70(0) = 0 to 70(1) = €1, we now define a sequence of piecewise linear
maps v; : [0,1] — span{es,...,e;11} by iteratively adding bumps of relative height 7; in
the direction e;;1. Suppose that 7; has been defined for some 7 > 0 so that v, , is a
constant speed parameterization of a line segment in span{es, ..., e;11} on each interval
Jik = @ik, biy) of the form
(k—1)

Jik = o+ %

(b—a),a+%(b—a) (1<k<4 keZ).

For each index 1 < k < 4, define 7,4, Jix = %/|J\k by adding a bump of relative height
741 in the direction e;;5. This defines a map ;1. By induction, we obtain the full
sequence 7o, v1,7Ve, - - -; the image of each map =, is composed of 4" line segments in
span{ey,...,e,+1} of equal length r, = (Lip7y,)4™ = s1---5,, where s; € [1/4,1/2)

denotes the solution to sf = (l —

5 — si)? + ;. Moreover,

(5.25) Lip(ya) = [ ] 4s: < 2",
=1
(5.26) Tn1 < (1/2)ry,
(5.27) 70 = Yntilloo < Mugamn < 27" yr <277

Therefore, v : [0, 1] — ¢,, which is defined pointwise by

(5.28) V() =70(t) + > (Vs (t) = () for all £ € [0,1],

is continuous as the uniform limit of the maps =, by (5.27). We denote ~([0, 1]) by I', and
for each n, we denote v,([0,1]) by I',. For all integers n,k > 0 with 0 < k < 4™, we call
the point v, (k/4™) a vertex of I',,. Remark [5.5 holds in this setting, as well.

Remark 5.13 (modulus of continuity and injectivity). In fact, and imply
that the maps 7, and v are uniformly (1/2)-Hélder continuous. The parameterization -y
is injective and this can be verified by showing that m; o 7y is injective, where 7 : £, =+ R
is projection onto the first coordinate. We leave details for the reader.
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Remark 5.14 (improved bounds on 7,). Let I' in £, (1 < p < o0) be constructed by
Algorithm [5.12| with relative heights 0 < n; <7 for all 7, for some universal constant 77 to
be specified below. Let s; € [1/4,1/2) be defined by s = (5 — s;)? +77. Then

1

(L (")

s < (/4P + i) =

Since p > 1, Taylor’s theorem with remainder gives

1 —1 1
14+ R <148 <146 forall0<s<1.
P 2p P

On the one hand, assume that 7 < 1/4. Then (47;)? < 477 < 1 and we obtain
1 1 1 1
) 1+ =) ) == An,)P.
so<q (14 2anr) =+ oy
On the other hand, assume that 77 < 1/8. Then s; < 1/4 + (1/4p)27? < 3/8. Hence
1/8 < 3 —s; < 1/4 and using the Taylor bound we can write

1
/1 (! N
S; = 9 S; 9 S; 7]2

1-p 1-2p
>1_Sz 1 1_8Z n}_,_p—l 1 Z 2
2 p\2 ‘ 2p% \ 2 ’
1 1 p—1
> = — s+ —(4n)" — ——(8n:)*"
Rearranging the inequality, we obtain
1 1 p—1 9 1 1 p-1
4 i 8 i P = — 16 i 4 i p.
2 gl = S = 1+ |- B ey )

We now specify that 77 = 1/16 so that
1 p-1 1 p-1 S 3

— — 16m;)F > — — -
sp sy oW 25— mE 2 5y,
Therefore,
1 3 1 1 1
(5.29) 1 + 37(47%) <s5 < - 1 +— " —(4n;)?  whenever n; < o

Thus, if n; < 1/16 for all i, then the length r, = Hi:l s; of each segment in I',, satisfies

(5.30) 4- H (1 + —(4n,) ) <rp < 4”ﬁ (1 + %(zm»?) .

i=1
The reader may verify that when p = 2, the bound (5.30)) is compatible with (5.1)).

Lemma 5.15. If T is constructed by Algom'thm with relative heights n; < 1/16, then

(5.31) exp (4ip 2;7:1(4%)17) < H(T) < exp (]1) 2;7:1(4%)19) |
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In particular, T is a rectifiable curve if and only if > >~ nf < co. Moreover, in that case,
[ is Ahlfors reqular with constants depending only on H(T).

Proof. The outline is similar to the proof of Lemma For each n > 1,

kaZH — 147 k47) > D diam Ay ([(k — )47, k47")
g 24 " H (1 + gp‘l(‘lm)”) = H (1 + gp‘l(‘lm)p) :

We conclude that

= 3 E30 A
TT (14 gpam) < 40 < iy < mint s, = T (1 Samr )
ol 8p m—00 vt
To derive ([5.31]), rewrite each infinite product as the exponential of an infinite sum and
use Taylor’s theorem bounds for log(1 + z) with 0 <z < 1/4.
Suppose that H'(T') < co. By (5.26), (5.27), and assumption 7, < 1/16 for all n > 1,

o0

1 1 —~_, 1
170 = Yoo < ZUJHTJ =16 Zrn—l—k < E%ZQ b= grn-
k=0 k=0

j =N

Thus, given z € I" and n > 1, we may pick y € I, such that |z — y| < (1/8)r,. Next,
let v € V,, be an endpoint of the segment in I',, containing y that is closest to y so that
lv —y| < (1/2)r,. Hence B(x, (3/8)r,) C B(v,r,) and we may use (5.8)) to estimate

o0

(5.32) H'(I'N B(x. grn)) < (TN Blv,r)) < 2exp (Z %(4771-)1’) r < 264 (D)r,

because I',, N B(v,r,) consists of one or two line segments of length r,. It follows that "
is Ahlfors regular with constants depending only on H!(T'). O

Lemma 5.16. Assume that I" is constructed by Algorithm with n; < 1/8 for all i.
Forallt >0 and 5 > 1,

1 -
(5.33) 1= < Br,(B(v,ry)) <2 for all v €V,
where \Z denote the “new vertices” in I'; (see Remark and ng = 0. Furthermore,

1 _ ~
(5.34) n < Br(B(v,r;)) foralli>0 and v € V;.

Proof. The upper bound agrees with the case p = 2 above. Note that when v € ‘N/o is an

endpoint of I';, the set I'; N B(v,r;) is a line segment. Thus, Sr (B(v,r;)) = 0 for all

v € Vo and j > 0. Next, suppose that ¢ > 1 and v € V Using the line containing the
segment in I';_1 N B(v, r;) to approximate the beta number, we obtain the estimate

Niri—1 _ T
. B 4 < —_— < 2 ’L7
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where sup,cp, dist(z,£) < n;7_1, because at stage ¢ in the construction we added the
bump in the direction ¢;11 and we recall that s; > 1. When j > i, the set I'; N B(v,7;)
agrees up to a dilation centered at v with I'; N B(v,r;). Thus, fr,(B(v,r;)) < 2n; for all
v E 171 and j > 4, as well.

Before we determine the lower bounds in ((5.33)) and ([5.34]), we recall two basic properties
of the beta numbers. First, for any set E C B(v,r), we have Sg(B(v,r)) = fg(B(v,r)).
(This may fail if £ ¢ B(v,r)!) Second, Sg(B(v,r)) is increasing in E. Because V; C T
for all j > ¢ and V; C T, for any v, € V; the vertices v;_; and v, that are adjacent with

respect to the global parametrization satisfy
{vk—1, 08, 1} C Ty N B(vg, ;) for any j >

and the inclusion also holds with I' in place of I';. Therefore, up to a translation and
dilation, there are two relevant configurations of vertices:

Ey(n) = {0} U{sv} U{zv+menn}, F(n) = {sv} U{z0+nenn} U{(l-s)},

where v € span{ey,...,e,} is an arbitrary vector with [v], = 1 and s? = (5 — s)? + 1”
with n < 1/8. By Remark [5.14] 1/4 < s < 3/8. The optimal lower bound in ({5.33)) and
(5.34)) is given by B(n;), where

5(77) := min {BEU(U)(B(S% 8))7 5Fv(77)<B(%U + Nen+1, 8))} :

We work separately for each configuration, beginning with E,(n). Let L; be the line
containing [0, 3 4 nepi1]. In the ve, i-plane, the line Ly is the locus of points (z,y)
satisfying y = 2nz. When z > 1 — 37,

o (1 o1No1 1T
Y=2n\g =3 =31 16"~ 16"

Since s > 1, it follows that B(sv, (7/16)n) N Ly = (. Hence
(5.35) dist(sv, Ly) > (7/16)n.

We now argue that g, o) (B(sv,s)) > (3/32s)n by way of contradiction. Assume that we
can find a line L such that E,(n) C Bs/16),(L). By convexity, L N B(sv,s) C B/16),(L),
as well. Let z; € LN B(0,(3/16)n) and x5 € L N B(3v + ne,y1, (3/16)n). Once again,
by convexity, the segment of L that falls between z; and x5 is contained in Bs/16),(L1).
Since dist(xz, sv) > 1s > (3/16)n for all € L\ B(3/16),(L1), the points z € L such that
dist(z, sv) < (3/16)n are contained in B(3/16),(L1). Thus, by the triangle inequality,

(5.36) E,(n) C Beji6)n(L1)-
Since ([5.35)) and (5.36)) are incompatible, we have reached a contradiction. Therefore,
S (BT, 9) 2 50 > 5
sv, S — —7.
B\ A 8)) = g = 4
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Using symmetry, one sees the best fitting line for F,,(n) is ine,41 + span(v), whence

n o2
Brun(BGv + neasr, 9)) = 1= > 20
Thus, the extremal configuration is given by E,(n) and 5(n) > (1/4)n. u

5.2.1. Proof of Proposition [5.10. Let 1 < p < oo. Let I' be the curve constructed by
Algorithm with relative heights nf = ¢/(i + i) log(i + 7o) for all ¢ > 1, where 6 > 0
and iy are chosen so that n; < 1/16. Then H'(T') = oo in ¢, by Lemma m To prove
that St ,4(¥) < oo for every multiresolution family ¢ for I' and e > 0, repeat the proof
of Proposition 5.1}, mutatis mutandis, using Lemma [5.16] in lieu of Lemma [5.8

5.2.2. Proof of Proposition [5.11. Let 1 < p < oo. Let I' be the curve constructed by
Algorithm with relative heights n¥ = /(i + i0) log(i + 4)? for all # > 1, where § > 0
and ig are chosen so that 7, < 1/16. Then H!(T') < oo in £, and T is Ahlfors regular by
Lemma . To prove that Sr,_(¥) = oo for every multiresolution family ¢ for I' and
€ > 0, repeat the proof of Proposition [5.2] mutatis mutandis, again substituting Lemma

F.16] for Lemma [5.8]

5.3. Proof of Proposition . Let 1 < p < ¢ < oo. To begin, we verify that if I' C ¢,
is a rectifiable curve, then I' is also rectifiable when viewed as a curve embedded in /,.
As is well known, ¢, C ¢, and |v|, < |v]|, for every v € £,. Hence the diameter of a set
in ¢, does not increase when embedded into ¢,. Thus, Hz‘q(E) < ij(E) for every s > 0
and F C {,, where H; denotes the s-dimensional Hausdorff measure in /,. In particular,
every rectifiable curve in ¢, is also a rectifiable curve in ¢;, possibly with shorter length.

We now construct a curve I' such that Hép (') = o0 and H;q(F) < oo for every g > p.
Build I in ¢, using Algorithm with relative heights

» )
= 7T~
* o ilog(i + ip)
where § > 0 and 4y € N are chosen so that 0 < 7, < 1/16. Note that > .~ 7’ = occ.
Therefore, H; (I') = oo by Lemma .

Fix an exponent ¢ with p < ¢ < co. We break the proof that H%q(F) < oo into a series
of lemmata. First, we calculate the H%q—growth of a line segment under the snowflaking
procedure v — 4 used in Algorithm[5.12] We emphasize that the estimate in the following
lemma is independent of n.

for all © > 1,

Lemma 5.17. Given v € span{ey, ..., e, } with |v|, = 1, let v : [0,1] — span{ey, ..., e,}
be the unit speed parameterization of the line segment I = [0,v] in £,. Let 4 be obtained
from v by adding a bump of relative height n in the direction e,y (see Algorithm .
If n < 1/16, then Hy (I) = |v], and

(5.37) ML (3(0.10)) — HE (D) <, ( L ) ol

|U|q
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Proof. The estimate is nearly identical to the calculation in Remark . Since n < 1/16,
each of the four edges of 4(I) in ¢, have length s € [1/4,3/8) given implicitly by the
equation s? = (3 — s)P +nP. In 4, Hy, (I) = |v], (since I is a segment) and the four edges
of (1) have total length

~ 1
Hi (3(0,1])) = 2ol + 2 (5 — 8)70]2 +79)"/*
= 2sful, + (1= 28)[ol, (1+ (L — 8)7Jol;77)
_ _ 1
< oly (14 (4 = 8) o] 7))/
Applying (1 +§)Y7 <1+ %(5 for all § > 0 with 6 = (5 — s)~|v|; %, we conclude

G0 < ol + (ﬁ) o < oo+ 3 (1) o n

2
The next estimate is elementary and left as an exercise for the reader.

Lemma 5.18. For alln € N and v € (7, |v|, > n%_%\v\p.

We may now give a uniform estimate on the length of the intermediate curves I',
approximating I' in /.

Lemma 5.19. With the exponents and the parameter n? = §/(ilog(i+1ig)) fized as above,
the intermediate curves produced by Algorithm satisfy

Héq(f‘n) < C(p,q) <oo foralln>1,
where C(p,q) is a constant depending on p and q with C(p,q) T o0 as q | p.

Proof. The initial segment T'g = [0, e;] satisfies H; (To) = 1. Let n > 0, let 1 <k < 4",
and let J = v, ([(k—1)47",k47"]) be an edge in T,,. Assign J* := 7,1 ([(k—1)47", k47"]).
By Lemma and Lemma, [5.18]

1/ 7+ 77n+1,H%p(‘]) ! 1 Tin+1 ! 1
Hy (J5) = Hy (J) Sq (W) Hy, (J) <q <(—+;> Hy, ().

n+1)

Q=

Summing over the 4" edges J in I, it follows that

q
Héq(rn‘i’l) < |1+ Cq 77n_—&-11 Héq(rn%
(n+1)a

where C is a positive constant depending only on ¢. Therefore,

Il (+a (2 ;)Q)W(cz(w))

Finally, recalling our choice of »;,
§alp

() = () -y
A1 — A1 — Zlog Z+Zo Q/p

i=1 N9 P i=1 (X

Sl

1
q

because ¢/p > 1. All together, ’H}q(I‘n) < C(p,q) < 0o, where C'(p,q) T cowhengq | p. O
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By , 7n converges uniformly to 7 in ¢, and thus, in ¢,. Hence I';, converges to I
in the Hausdorff metric on compact subsets of ¢,. Therefore, by Gotab’s semicontinuity
theorem (see e.g. [AO1T, Theorem 2.9]), H}q(l“) < liminf,_ H}q(l“n) < C(p,q) < oo for
all ¢ > p. This completes the proof of Proposition [1.1]

APPENDIX A. SCHUL’S PREFILTRATION LEMMA IN A METRIC SPACE

Before we start the proof of Lemma [3.20] we record proofs of a couple of metric lemmas.
Recall that a pseudometric on X is a function d : X x X — [0, 00) such that d(x,z) = 0,
d(z,y) = d(y,x), and d(z,z) < d(z,y) + d(y, z) for all z,y,z € X.

Lemma A.1. Let X be a metric space. If f :[0,1] — X is a continuous parameterization
of a set ¥ C X, then d(a,b) = diam f([a,b]) is a pseudometric on [0,1]. Furthermore,
with respect to this pseudometric, if 0 < a < b < x <y <1, then diamy([a,b]) = d(a,b)
and gapg([a, 0], [z,y]) = d(b, z).

Proof. To verify that d is a pseudometric on [0, 1], only the triangle inequality requires
some thought. Given a,b,c € [0, 1], set

A:f([a7b])7 B:f([bvc])a C:f([a7c]);
so that diam A = d(a,b), diam B = d(b, ¢), and diam C' = d(a, ¢). Up to relabeling, there
are two cases.
Case 1. If a < ¢ < b, then C' C A and d(a,c) < d(a,b) < d(a,b) + d(b,c).
Case 2. Suppose a < b < ¢. We now argue as in [AO17, Lemma 2.18], a step in a proof of

Golab’s semicontinuity theorem. Let p and ¢ be points in C' such that dist(p, ¢) = d(a, c).
Consider the 1-Lipschitz function F': C' — R defined by F(x) = dist(z,p). Then

d(a,b) 4+ d(b,c) > diam F'(A) + diam F(B) > diam F(C) > d(a, c),

where the first inequality holds since Lip(F) = 1, the second inequality holds since
F(A),F(B), F(C) are intervals in R with F/(C') C F(A)U F(B), and the third inequality
holds since F'(p) = 0 and F(q) = dist(p, ¢) = d(a,c).

Suppose that I = [a,b] C [0, 1]. On the one hand, for any a < @’ <V < b, we know that
the distance d(a’,b") = diam f([a’,V']) < diam f([a,b]) = d(a,b), because [¢’,V] C [a,b].
Hence diamy I < d(a,b). On the other hand, diamg I > d(a,b), because a,b € I. A similar
argument yields the formula for the gap between intervals. 0

Remark A.2. If the parameterization f : [0,1] — ¥ has positive constant speed, then
the pseudometric d on [0, 1] is a metric. The pseudometric d on [0, 1] bears some similarity
to the intrinsic diameter distance on ¥; see e.g. [FH10, Her10)].

Example A.3. Let {e;}3°, denote the standard basis in ¢5. Fix a large integer n > 1
and let f : [0,1] — ¢ be a continuous map, which traces a constant speed, piecewise
linear path from e; to ey to e and so on until reaching e,;. Decompose [0,1] into
n intervals I; = f~([e;, €;41]). With respect to the metric d of Lemma , we have
diamg I; = diam f(I;) = v/2 for all i and diamy[0,1] = diam f([0,1]) = v/2. This shows
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that diamg is not superadditive. Similarly, even though there are 2 n/2 disjoint intervals
of diameter v/2 lying between I; and I,,, we only have gap,(1y, I,,) = |ea — enle, = V2.

The second auxiliary lemma is related to [Sch07a, Lemma 2.16], but with an alternate
gap condition that is motivated by the previous example.

Lemma A.4. Let X be a metric space, let f : [0,1] — X be a continuous parameterization
of a set U CX, let £ > 6, and let 0 < r_ <1, < oo. Suppose {J;}}_, is a finite (I < c0)
or infinite (I = 0o) sequence of closed intervals in [0,1] and (k;)L_, is a sequence of
integers bounded from below such that
(1) chain property: for all 1 <i < I, we have J; N Jiy1 # 0;
(2) geometric decay: for all i > 1, we have diam f(J;) < & %ir,; and
(3) separation within levels: for alli,j > 1 withi # j, if k; = k; = k, then there exists
at least [3ry/r_] pairwise disjoint closed intervals K with diam f(K) > & *r_
and such that K lies between J; and J; as subsets of R.

If € > ry/r_, then there exists a unique M > 1 such that ky; = min;>y k;; moreover,

I
(A1) > diam f(J;) < (1+3/€)§ .

i=1
Proof. Without loss of generality, we may assume that r_ =1 and 1 < r; < co. Suppose

that & > 6 is sufficiently large, ultimately depending only on 7, to be specified below.
Fix sequences {J;}/_, and (k;)!_, as above. We claim that for every integer 1 < n < I,
there exists a unique 1 < m < n such that k,, = min? ; k; and

42 S diam f() < (14267 + 46724865 o) o,

The base case n = 1 is trivial. Suppose for induction that the claim holds whenever
1<n< N.Putn=N+1 and choose an index 1 < m < N+1 such that k,,, = mmNJ{1 k;.
(We do not yet know that m is unique.) Separate {J; : 1 < ¢ < N + 1} \ {J,,} into
two chains {J1, ..., Jm—1} and {J41, ..., Jni1}, each of which contain no more than N
intervals. Working with the first chain (unless it is empty), the induction hypothesis and
fact £ > 6 implies that there exists a unique 1 < j < m — 1 such that k; = minﬁ‘l1 k; and

D diam f(J;) < (14267 4462486+ )Ry < (3/2)¢ iy

We know that k; > k,, by our selection of m. Suppose for contradiction that k; = k,,. By
property (3), we can locate P = [3r, | pairwise disjoint closed intervals Ky, K, ..., Kp
such that each K, lies between J; and J,, and diam f(K,) > ¢ %. This immediately
implies that J; and J,, do not intersect, so 7 < m — 2. For any 1+1 <1< m—1, we
have k; > k; + 1 by our specification of j; hence diam f(J;) < & Fir, <71, < h
provided that & > r,. This ensures that each interval J; with j+1 <7 < m — 1 intersects
at most two of the intervals K. (Otherwise, if some J; intersected three or more intervals,
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then J; D K, for some p and £7% > diam f(J;) > diam f(K,) > £ %. We remark that
if we allowed diam f(.J;) > diam f(K,) for some p, then we could not control the overlap;
see Example [A.3]) Now, Ule K, C U:;Jlrl Ji, because the latter intervals connect J; and
Jm by (1). All together, these observations yield

P m—1
Pt <y " diam f(K,) <2 ) diam f(J;) < 3¢
p=1 i=j+1
Thus, P < 3ry < [3r;] = P, which is a contradiction. Therefore, we have k; > k,, + 1.
It follows that k; > k,, for all 1 <7 <m — 1 and

m—1
S diam f(J;) < €71+ 26 A€ 486 )E
=1

A similar conclusion holds for m +1 < i < N + 1. Adding the estimates verifies the
induction step.

To conclude, let M > 1 be an index such that ky; = minf:1 k;, which exists because
the sequence (k;)!_, is bounded from below. Because for all integers 1 < n < I, there is
a unique index 1 < m < n such that k,, = min? ;| k;, we discover that M is unique and

ky, = kp for all n > M. Finally, (A.1)) follows from (A.2]), since £ > 6. O

Proof of Lemma([3.20. In the construction below, we view Diam(7), the diameter of the
image of an arc 7, as a weight assigned to Domain(7), a closed interval lying in the
domain of the map f. From this vantage point, a filtration is simply a nested family of
finite partitions of some set K C [0, 1] into intervals with geometrically decaying weights.
This heuristic can be formalized using the pseudometric from Lemma[A1]l As shorthand,
we may speak of the intersection or union of arcs, but always mean the arc formed by
taking the intersection or union in the domains of the arcs.

Let p > 1, let 0 < A < A < o0, and let J > 1 be an integer, with J sufficiently
large depending on p and A/A to be specified below. Without loss of generality, we may
assume that A = 1 and A > 1. Let .#° be an admissible family of arcs in X. Our plan
is to first preprocess .#°, partitioning it into a finite number of families 2%, 22, ... of
well separated arcs. We then transform each family 27 into a nested family &7 of arcs
satisfying (3.24) and (3.25). (This is where we use Lemma|[A.4]) Afterwards, we describe
how to extend each family &7 to a filtration .#7 with the same conclusions.

To begin, using the bounded overlap assumption, break .# into C' or fewer nonempty
families such that within each family, arcs in the same level n are pairwise disjoint. Note
that some levels of a family may be empty. By splitting each family into

BA]+1 (< 5A)

families, as necessary, we may assume that any pair distinct arcs in level n of a family are
separated in the domain by at least [3A] disjoint arcs o with Diam(o) > p~™. Next, break
apart each family of arcs into J (or fewer) nonempty families by jumping J generations
at a time, i.e. within each family, group together all levels n with n — ng = m (mod J),
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relabeling so that each original level n = (ng+m)+kJ is assigned to level N = (ng+m)+k.
Denote the resulting 5ACJ or fewer families by 2" = ", %, 2* = U,—,., 22,

n=ni

with starting index n; € {ng,no +1,...,n9 + J — 1} for all j. Note that level n in .@7
corresponds to level n] + J(n—n;) =Jn—(J —1)n; in F°. By our assumption on the
diameters of arcs in #°, if n > n; and 7 € 2, then

(AB) p(Jfl)njprn < Dlam(T) < (Ap(Jfl)nj)prn.

Further, any pair of distinct arcs in %7 are separated in the domain by at least [3A]
disjoint intervals o with Diam(c) > pt/=1mi p=/n,

Next, we transform 2%, 22, ... into nested families &, &2, ... of arcs. This will require
us to join certain overlapping arcs, thereby increasing the diameter of arcs. By choosing
J to be sufficiently large, we can control the growth of diameters

Fix a family 27, For each n > ny, let 2., = 22, U P}, U P, ,U---. Fix a level
n > n; and an arc 7 € 2. We inductively define a sequence of arcs by fusmg the arc and
all overlapping arcs from future generations relative to 7. Formally, we set

To="T, Tht1 =1/ U Domain(7) (k>0), 7o =1f U Domain(7y),
{UG]J+ oNT#0} k=0

where o N 7, # () means Domain(co) N Domain(7;) # 0 and f|/ denotes the restriction
of f to I. Let us upper bound Diam(7) in terms of Diam(7). Each arc 7,11 can be
obtained by taking the union of 7, and up to two arcs o, and o} that intersect, but are
not contained in 7%, one of each side. Thus, 7, can be obtained by concatenating 7 and
two arcs, 7~ and 7, with domains on either side of Domain(7), where 7~ and 7 can
each be expressed as the union of a finite or infinite chain of arcs in 27 +. By Lemma -
Diam(7*) < 3~, Diam(o;’). To continue, we need .J to be sufficiently large. Assume that

p? > 6A > max{6, A}. By Lemma[A.4] with & = p/, r_ = p/=D% and r, = Ap/~1m,
1 1
(A.4) Diam(7%) < (1 +3/p”)(Apt/=Dmi)p=I(n+D) < Zp(J_l)”jp_J" < 1 Diam(7).

Therefore,
(A.5) Diam(7w) < Diam(7~) + Diam(7) + Diam(7") < ;Diam(T) < ;(Ap(‘]_l)"f)p_‘]".

Recall that distinct arcs 7 and 7 in 27 are separated by an arc (in fact, several arcs) o
of ¥ with Diam(o) > p/=V% p=J"  Thus, by (A.4)) and the triangle inequality, for any
distinct 7,7 € 27, the domains of 7., and 7, are separated by some arc ¢ in ¥ with

1
(A.6) Diam(c) > 5,0("’1)’”/)"]"

For each j and n > n;, define &7 by including the arc 7., in &7 for each arc 7 € ZJ.
By - and - the families &7 = |J)~ &7 satisfy—even better inequalities than—

and (3.25)), where the roles of “7’ € 3"7?” and “r € .F,” in the statement of the
lemma are played by 7 € 27 and 7., € &7, respectively. Let us verify that &7 is a nested
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family of arcs in the sense that if (the domains of) 7., and 7., in &’ intersect in more
than one point, then Domain(7.,) is contained in Domain(7.,) or vice versa. Suppose that
t>n>n;, 7€ DI TE .@tj, and 7, and 7T, intersect in at least two points. Then
the interiors of Domain(7,,) and Domain(7) intersect. Hence Domain(7;) and Domain(7;)
intersect for some k,l < oo, as well. Because 7; is a finite union of overlapping arcs
9(]}1) L and t > n, it follows that 7; C Tj4p, for some sufficiently large positive integer
m. Thus, 7.y C Tgamas for all @ > 0 by the construction, and therefore, 7., C 7. As an
immediate corollary, distinct arcs in each level &7 intersect in at most one point. However,
by - we know even more: for every j and n > n;, the arcs in &7 are pairwise disjoint
Reviewing the construction so far, we see that the map that assigns each arc 7 € . to
anarCTOOEé"n+n .

To build ﬁltratlons F7 out of the families &7, it remains to add arcs to each level of
a family, as necessary, to ensure that the domain of any arc is the union of the domains
of its children. Fix a family &7. We will work top-down, starting with level n = n;. Let

Y is injective.

71, ..., T, denote the arcs in &7, ordered from left to right using the natural order of their
domains as subsets of R. It is possible that this list is empty. From left to right, expand

f:O’OUT1UO'1UT2U~"UTk,1UU]C,lUTkUO'k

with domains of consecutive arcs intersecting in exactly one point; the initial and final
arc 0y and 0} may be empty or nonempty. If &7 is empty, write f = 0¢. Suppose that
o = 0; is nonempty. There are three alternatives.

Alternative 1. If it happens that Diam(o) is between (1/4)p/=7% p= and pt/=1mi p=7
we make no modification and include o in Z}.

Alternative 2. Another possibility is that Diam(c) < (1/4)p=Ymp=. If ¢ = o; for
some 0 <1 < k—1, set 7 = 7,41, the first arc the right; if 0 = oy, set 7 = 7, the first arc
to the left. Replace 7 by o U 7. By m the modified arc satisfies

Diam(r) < (3/2)Ap!? =" g~ + (1/4)p =0 g < (7/4) Apt/= sy

(Exceptionally, if f = oo U7 Uy and both oy and o7 have small diameters, replace 7 by
0o U T U oy instead; in this case

Diam(7) < (3/2)ApY~1mip= 4 2(1/4)p Vi p < 24p0 =1 7m0 )

Similarly, if the original arc 7 € &7 came from extending an arc 7/ € 27, then the modified
arc 7 satisfies Diam(7) < (7/4) Diam(7’) (exceptionally, Diam(7) < 2 Diam(7)). Include
the modified arc 7 in .ZJ.

Alternative 3. Lastly, suppose that Diam(a) > p(/=17% p=™"  We will partition ¢ into a
finite number of shorter arcs ¢; of diameter between (1/4)p=7% p=™ and p/=Hm p=" (see
Remark [3.5) E but need to do this in an intelligent way in order to maintain nested levels.
Let {&1,&2, ...} be an enumeration of the maximal arcs in éa,ir @%1 ue&’ iU+ whose
domains are contained in Domain(c). (There may be none) Earlier we declared that
p’ > 6A. Hence Diam(&) < (3/2)Ap=p=(+1) < (1/4)p=1m p=" We need to make
sure that the endpoints of arcs in our partitions of o do not lie in the 1nterior of Domain(&;)
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for any [. Proceed as follows. Let a be the left endpoint of Domain(c). Choose t > 0 as
large as possible so that Diam(f|ze44) = (1/4)p/ =" p=", which we may do because the
diameter varies continuously in ¢ and Diam(o) is large. If a + ¢ does not lie in the interior
of Domain() for any I, then we set (; = f|n.atq and have Diam((y) = (1/4)pV=1mip=n
Otherwise, if a + t lies in the interior 51 for some [, set (1 = flia,aty U &, which satlsﬁes
(1/4)p" =Y p= < Diam(¢;) < (1/2)p"~Hmip~™. Repeat a similar construction on o \ (i,
this time letting a be the left endpoint of Domain( \ ¢1) and choosing t > 0 as large
as possible so that Diam(f|jg,arq) < (1/4)p =" p=" If Diam(fljg,atg) = (1/4) (J=1)n;
then continue as before and iterate Otherwise, at some stage, o \ (G U - U () # @,
but Diam(f|a+sq) < (1/4)p D" p~" where ¢ is the right endpoint of the domain of o.
Replace ¢, by G U flia,a+4. This may increase the diameter of Qm, but in any event, the
modified arc satisfies (1/4)p/=Y7% p=™ < Diam((,,) < (3/4)p/ =" p=. Include each of
the intervals (i, ..., (,, from the partition of o in .Z7.

Carry out the indicated construction for each nonempty o = ;. Also include any arc 7;
in 77 if it was not already included. This completes the definition of FJ. To define the
next level %/ 2.1, repeat the construction from above on each arc 7 in .%;] independently,
with f replaced by 7. By induction, we obtain a definition of .#7 = (J°° %7 on each

n=n;

level. The family %7 is the desired filtration. U
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